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ABSTRACT

The digital filtering of two-dimensional signals offers
the many advantages characteristic of digital computers, such as
flexibility and accuracy. Applications exist in the processing of
images and geophysical data. A review of the theory of two-dimensional
digital filters is presented. This includes a brief discussion of some
of the computational algorithms used and the state of the art in the
design of two-dimensional digital filters. Some basic kinds of filters
required for image processing are described together with their
applications. A technique is presented for designing stable two-
dimensional recursive filters whose magnitude response is approximately
circularly symmetric. This is achieved by cascading a number of
elementary filters which are called rotated filters because they are
designed by rotating one-dimensional continuous filters and using the
two-dimensional z-transform to obtain the corresponding digital filter.
Stability of these filters is considered in detail and the results
obtained are stated in two corollaries. In particular it is proved
that rotated filters are stable if the angle of rotation is between
270° and 360°. For the realization of those filters, the technique of
complex cascade programming is developed in two dimensions. Examples
are given. The computational errors in two-dimensional complex
cascade programming are analyzed. Finally, methods of analysis and
design of the shape, circular symmetry and cutoff frequency of two-

dimensional recursive filters are shown.
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I. INTRODUCTION

There are many signals inherently two-dimensional in nature, such
as photographic data (weather photos, air reconnaissance photos, medical
radiographs, and nuclear medicine images) and geophysical data (seismic
records, potential field survey records, gravity and magnetic data).
These signals can be processed by coherent optical systems or by digital
computer. A comparison between the advantages and limitations of both
techniques is given in [1]. This comparison was done on the basis of
flexibility, capacity, speed, accuracy, and cost. The conclusions are
that the main advantages of a coherent optical system are its information
storage capacity and processing speed, and the main advantages of a digital
computer are its flexibility and accuracy. Coherent optical systems are
suitable for doing linear operations, such as Fourier transformation and
linear filtering, on large-volume data; but when nonlinear operations or
accurate linear operations on a limited amount of data are required,
digital computers can be used to advantage. In some cases, although the
filtering is best done by a coherent optical system, the spatial filter
is most conveniently made on a digital computer. In this thesis we
consider only the digital processing of two-dimensional signals by computer.

Most existing techniques for processing one-dimensional signals
can be extended to two dimensions. However, in some cases important
problems of stability and synthesis arise. In Section II we review the
theory of two-dimensional filters, discussing‘some computational algorithms
and commenting on the state of the art in the design of two-dimensional

digital filters.




Applications to the processing of images are considered in Section
111, describing some of the more important operations which are desirable
to perform on images leading to the use of two-dimensional filters.

In Section IV we present a procedure for designing stable recursive
filters whose frequency response is approximately circularly symmetric.

The recursive realization of these filters and its associated
computational errors are developed in Section v. Examples are given.

Finally, Section VI contains methods of analysis and design of the

shape, circular symmetry and cutoff frequency for the filters in Section IV.

II. TWO-DIMENSIONAL DIGITAL FILTERS

A two-dimensional signal is a function f(x,y) of two variables,
usually time and/or space. In the case of a picture both variables
would be spatial, in the case of seismic records the variable in one
direction would be space, and in the other direction, time.

Sampling such a signal, f(x,v), at equi-spaced intervals, X and Y,
in the x and y directions, respectively, a discrete signal or sequence
f(m,n) results

f(m,n) 2 f(mX,nY) = £(x,y) (1)

x=mX, y=nY
where m and n are integer variables. Assume that the sampling rates,
1/X and 1/Y, are fast enough to prevent aliasing.

A linear position-invariant two-dimensional digital filter may be
defined by the {(double) convolution relation as

g(m,n) = h(m,n) * f(m,n) = § ] h(i,j) f(m-i,n-j) (2)

® s
R =0 J:-m

where f(m,n) and g(m,n) are the input and output, respectively, of the




filter. The weights h{(m,n) define the two-dimensional filter. Also,

if the input is the unit impulse, defined by

1 form=n=20
Uo(m,n) =

0 otherwise

then, the output is h(m,n) and is referred to as the impulse response or
point-spread function of the filter.

A filter is stable if every bounded (finite) input produces a
bounded (i.e,, finite) output. Theorem 1 in Appendix A states and

proves that a necessary and sufficient condition for stability is that

oo co

) ) ]h(m,n)

M= ~co =0

< o™

(3)

Note that this equation may be quite difficult to evaluate for arbitrary

h(m,n). Altefnate conditions for stability are also given in Appendix A.
A two-dimensional filter is said to be separable if its impulse

response can be factored into a product of one-dimensional responses,

that is,

h(m,n) =hl(m) h, (n) - (4)

The advantage of separable filters is that the two-dimensional
convolution (2) can be carried out as a sequence of one-dimensional
convolutions.

When both the input sequence and the impulse response of the

filter are nonzero only over a finite area, say from 0 < m < M - 1 and

0 <n <N - 1, then the filtering operation may be performed via the




FFT, by computing the transform of the input signal, multiplying by the
transform of the filter impulse response, and inverse transforming the
result. In two-dimensions the discrete Fourier transform (DFT) of a

sequence f(m,n) is given by

Mol NSl mu _ nv
B, = ] ] £mn) exp [-j2n (B + D] )
m=0 n=0
with
u = 0,1, ..., M-1
v = 0,1, ..., N-1 (6)
A digital filtering operation can also be described by a linear
difference equation. The general form is
a Na Mb Nb
glmn) = ) ¥ a.. f(m-i+l, n-j*1) - ] § b.. g(m-i+l, n-j+1)
. PR & . LB 71
i=1 j=1 i=1  j=1
i,j#1 simultaneously (7

Here we assume either that all output vélues g(m-j+1, n-j+1) have been
computed previously or are equal to zero (initial conditions).

A filter realized via recursive relations of the form of (7) is
called a recursive filter; since the output is an explicit function of
past output samples as well as past and/or present input samples.

In a nonrecursive filter the output samples of the filter are explicitly

determined as a weighted sum of past and present input samples only.




Equation (7) can be rewritten in the form

Mb Nb M N

a a
I I b..oglwmi+l, n-j+l) = ]} ] a, . f(m-i+1, n-j+1) (8)
i=1 j=1 */ i=1 j=1 J

where bll = 1.

Equation (8) can be solved for g(m,n) (7), g(m—Mb+l,fn),\g(m,»n-Nb+l),
or g{m=Mb+l, n-Nb+1) and ‘in each case the difference equation obtained
corresponds to a two-dimensional recursive filter recursing in the -

(+#m, +n), (-m +n), (+m, -n), or (-m, -n) directiens,; respectively.

A recursive filter is said to be causal if it recurses in the
(+m, +n) direction [15]. A causal filter is realizable if its impulse
response satisfies the property

h(m,n) = 0 m,n < 0
& useful representation of (8) is obtained by the two-dimensional

z-transférm or double z-transform. This transform is defined as follows

X(zl,zz) é z z x(m,n) ZT zg (9)

= —co n=-w

where x(m,n) is a two-dimensional sequence and X(zl,zz) its two-

dimensional z-transform (*). The domain of definition for X(zl,zz)

is its region of convergence in the z Zy plane, The properties of

l,

the two-dimensional z-transform are similar to the properties of the

z-transform in one dimernsion.

(*) Some authors use an equivalent definition by replacing the umit

2

We use the definition in (9) because it is most common in the

delay operators z., and Z, in (9) by zil and z, , respectively.

1

two-dimensional filter literature [3], [15].




Depending upon whether h(m,n) has an infinite number of terms
or not, digital filters are classified as infinite impulse response
filters (IIR) or finite impulse response filters (FIR). For FIR
filters (3) is always satisfied for finite }h(m,n)], but for IIR filters
it may be difficult to determine whether or not a given filter is stable.

The implementation of FIR filters is usually done by direct
convolution (2) or by FFT techniques and IIR filters may be realized in
direct form by implementing a recursive difference equation such as (7)
or more effectively combining in cascade or in parallel form lower order
filters.

A comparison of the computational algorithms for two-dimensional
digital filters in terms of speed and memory usage is developed in [2].

In the remaining of this section we summarize the state of the
art in the design of two-dimensional digital filters.

The problem of designing FIR two-dimensional digital filters in
the space-time domain can be stated as follows: Given the desired
impulse response in the form of a two-dimensional array or matrix of
the weighting coefficients find a filter which approximates that
impulse response. A nonrecursive filter could be readily implemented
using straight convolution or the FFT, but if the dimensions of the
matrix representing the impulse response are large this realization
becomes computationally inefficient. Shanks [3] has extended a
time-domain synthesis technique of recursive filters in two-dimensions.
The resulting filter is nonseparable. Another approach (developed in
references [4]-[7]) consists of expanding the given coefficient matrix

into a finite and converging sum of matrices having the same dimensions




- as the original filter impulse response array, such that each constituent
matrix of this sum is separable, in the sense that it can be expressed
as the product of a column vector multiplied with a row vector (cf.(4)).
Each term, or filter stage, can then be approximated by an appropriate
one-dimensional filter, recursive or nonrecursive. In many cases the
given matrix of coefficients can be represented with small error with
substantial gains in computing efficiency by keeping only the first few
terms of this expansion.

In the frequency domain the design techniques for FIR filters in
one-dimension can be often extended to two-dimensions because these
filters are guaranteed to be stable. Huang [8] has shown that the
windowing technique may be extended to two dimensions by forming
two-dimensional circularly symmetric windows from one-dimensional
windows and Hu [9] has developed a design technique for filters with
circularly symmetric frequency response by extending the techniques known
for frequency sampling and optimal (equiripple) FIR filters.

On the other hand, the design of IIR filters in two dimensions
becomes very difficult, mainly for two reasons:

1) A polynomial in two variables, P(zl,zz), cannot in general
be factored into first and second order polynomials. This implies that
many one-dimensional design techniques cannot be readily extended to
two-dimensions and that a high-order two-dimensional filter cannot in

general be realized in parallel or cascade form to reduce the effect

of quantization noise. In Section IV we develop a design procedure for
two-dimensional recursive filters which will factor into second-order

filters.




2) It is very difficult to test the stability of two-dimensional
IIR filters except for simple filters. In Appendix A we review the most
relevant theorems concerning stability of two-dimensional filters. The
filters designed in Section IV are guaranteed to be stable, their
stability is considered in Section IV.2,

Farmer and Gooden [10] and Shanks [3] have presented examples of
a technique showing how to convert one-dimensional filters into two-
dimensional filters with arbitrary directivity in a two-dimensional
frequency response plane. Corollary 2 in Section IV.2 solves the
problem of determining the stability of those filters beforehand.

More recent papers, not directly related to this thesis, can be

found in [20]-123].

ITI. APPLICATIONS OF TWO-DIMENSIONAL DIGITAL FILTERS
IN IMAGE PROCESSING

In image processing there is no preferred spatial frequency axis.
It is therefore desirable to process images with filters whose frequency

response approximates a circularly symmetric function satisfying (12)

. 2 2%
-jom (£1+£7) T

(12)

-j2wf1T -j’21rf2'1‘ -
H{e ,€ = Hie

where it is assumed that the sample interval T is the same in both
directions.

Nevertheless, using a rectangular sampling grid, the requirement
of circular symmetry cannot be exactly met. However, very good

approximations to {12) can he obtained in practice.
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For a frequency response circularly symmetric around the origin it
is convenient to adopt a polar-coordinate system (v, 6), where
v =<fi+f§>li is measured as cycles per unit length.

The general objective of image enhancement is to make selected
features easier to see. This might require suppression of useless data
such as random noise and background shading or perhaps amplification of
fine detail. The types of filters most used in image enhancement are
low-pass, high-pass, and high-emphasis filters [12]. Applications
of other types of digital filters to picture processing may be found in
[1], [13], and [14].

The magnitude response |H(v)| of a low-pass filter is similar
to that of a one-dimensional filter, and the magnitude responses of a
high-pass |H'(v)| and a high-emphasis |H"(v)| filters can be derived

from that of a low-pass filter as follows:

H' (V)] =1 - [HW)| (13)

[H'(v)| = 1 + AlH' (V)] (14)

where A i1s the gain at high frequencies.

A low-pass filter passes the low-frequency signal components and
rejects the high ones. Removal of high frequency components from an
image may be desirable in several situations. The most common
application is made to pictures containing excessive random noise which

makes large low-contrast features difficult to see clearly. Sometimes
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it is useful to remove high-frequency structure, such as sharp edges,
that are not important and make the rest of the picture difficult to
view. For example the random noise in a radiograph results from the
spatial fluctuations of the illuminating radiation and film scanning
systems which inject noise into the image. This noise is due to
fluctuations in the light source and electrical noise in the output of

the light-sensing device.

A high-pass filter has the opposite function of a low-pass filter.
It removes the low-frequency signals and passes the high-frequency signals.
A common application of high-pass filters is in radiographs where it is
difficult to visualize low-contrast features when they are superimposed
onto a very dark or very light background. For example, the small
bones in the ear cannot generally be seen in a standard x-ray film,
because they absorb too little radiation relative to the larger surround-
ing bone mass. The high-pass filter removes the background by converting

constant or very slowly changing dark or light areas to grey.

A high-emphasis or high-frequency restoration filter passes

low-frequency signals unchanged and amplifies high-frequency signals.

Applied to a picture, this type of filter sharpens edges and generally magnifies

small detail. A high-pass filter and a high-emphasis filter are similar

except the high-pass filter removes the low-frequencies while the high-emphasis

does not.
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IV, DESIGN OF STABLE RECURSIVE FILTERS

In this section we present a design procedure to obtain
two-dimensional recursive filters whose frequency response approximates

a circularly symmetric function and that are guaranteed to be stable.

This approach approximates the circular shaped contour levels
of the magnitude response by ; polygonal shape. This is achieved by
cascading a number of elementary filters which have specific directivities
in the two-dimensional frequency response plane. These elementary
filters are designed according to the technique of Shanks [3]. A
generalization of the design procedure and stability considerations

follow.

1. Design of Rotated Filters

Suppose a one-dimensional continuous filter whose impulse

response is real, is given in its factored form

m
II (5"‘3[1)
_ i=1 (15)
Hl(s) = Ho =
I (s-p,)
i=1 *
where Ho is a scalar gain constant. The zero locations d4; and the

pole locations p; may be complex, in which case their conjugates

are also present in the corresponding product.
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The filter given in (15) can also be viewed as a

two-dimensional filter that varies in one dimension only and could be

written as follows

(16)

Rotating clockwise the (51, 52) axes through an angle B by

means of the transformation (17) we obtain the filter of (18), whose

frequency response is

frequency response of

(%]
i}

%]
It

1 et1) =
Hy(s],s)) = Hy

rotated by an angle (-8) with respect to the

(16)
si cos B + sé sin B (17a)
—si sin B + sé cos B (17b)
m
i¥1 [(sé cos B - si sing ) - qi]
= (18)
- g! si -
igl [(sé cos B - s) sing ) pi]




Hz(si,sé) describes a continuous two-dimensional filter in
the new coordinate system of si and sé. To produce the corresponding
two-dimensional discrete filter we use the two-dimensional bilinear

z-transform [3] defined by the following two equations:

st 22 1 (19a)
T 1 + z1
1 - z,
2
sy = T’i“?fiig (19b)

It is assumed throughout the study that the sample interval T is the same

in both directions. Substituting (19) d#nto (18) we obtain
i i i i
M a + a Z, + alsy 25 + 2 Z, Z
H(Zl’zz) - A I il il 1 i? 2 52 1 "2 (20)
i=l b b z, +b z, + Db Z, 2

11 T P21 %1 T Pyp Ey v Py 2 5

where

14




_ T, n-m
A = Ho (2)
M = max(m,n)
i . T
aj; = cos B - sin 8 - 3 94
i . T
ay = cos B + sin B - 5 93
i _ . T
a;, = =-cos B - sin B - 3 93
ai = -cos B *+ sin B - I~q for 1< i< m
22 2 -
1 = 1 = 1 = 1 = < i<
11 8y1 % 81 % 3 =1 for ms is M
i _ . T
bII = cos B - sin 8 - 5 p;
i . T
b21 = ¢co0s B + sin B - 5 Pi
i . T
b12 = -cos B8 - sin 8 - 3 p,
bi = -cos B + sin B - I-p for 1<isn
22 2 Fi
i _ i i _ i .
bll = b21 = b12 = b22 = 1 for n<isM

Equation (20) can be physically interpreted as a cascade
of bilinear second-order systems and can be readily realized by complex
cascade programming as shown in Section V. The operations are
programmed using real arithmetic and are simplified using the fact

that the impulse response of each pair of conjugate filters is real,

Examples of rotated filters are given in Figs. 1 through

4, These figures show contour maps of the magnitude responses of a

15
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second-order Butterworth filter rotated through different angles.

Frequencies are shown as fractions of the Nyquist frequency, that is,

. where fn é 1/2T is the Nyquist frequency. In every case the magnitude
response has been normalized to a peak response of 1.0, the contour
interval is 0.1, and the cutoff frequency is 0.2. The distortion at
high frequencies is caused by the fact that the two-dimensional
bilinear z-transform makes the magnitude response to be zero along the
Nyquist frequency in each axis. In Figs 5+ we show fine details of

the contour plot in Fig. 3 at high frequencies.

2. Stability of Rotated Filters

Some basic theorems concerning stability of two-dimensional
recursive filters are reviewed in Appendix A. Using Theorem 3 the
conditions that the coefficients in (20) must satisfy to ensure the
stability of the filter were derived. The results are given in the

following two corollaries.

Corollary 1: A causal recursive filter with transfer function

* * *
A(zl,zz) ' A (zl,zz)

»Z,) = F ok % (22)
1’72 B(zl,zz) B (zl,zz)

H(z

where A(zl,zz) and B(zl,zz) are complex polynomials in z) and Z, and




B(zl,zz) is of the form
B(zy,z)) = by +byy 2z + by 2y +byy 22,

is stable if

2 2
* * _ - -
by B3y = byy BY,l = by Byy = byy Byl > | by, [ by, (23)
and
by, > [y, (24)
Proof: We want to show that for the class of filters
specified in this Corollary, (23) and (24) are equivalent to the "if"
part of Theorem 3 in Appendix A.
Setting B(zl,zz) = 0 we obtain
b +b Z A
2y = - 2 () (25)
12 22 "1

which is a bilinear transformation mapping circles into circles (*)

A(zl, 22)
Clearly, for the filter =———— condition 1) of Theorem 3
B(zl, 22)
is satisfied if and only if
lc] - 7| >1 (26)

where c is the centre and r is the radius of the circle image, We have

derived expressions for c and r as a function of the filter coefficients

&)

Here we include straight lines as circles with infinite radii.

17
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in Lemma 1 of Appendix C.

But (26) is equivalent to (23) by substituting (C€.2) and

{(C.3) into (26), that is

b,., b,, -b,. b

* *
5y P b P 11 °22 7 P21 121

21 22 11 "12

bl - Pl | |l - ol

which is equivalent to (23)

For condition 2) consider the inverse transformation

b + b z

-1 11 12 72
z. = f (Zi) = -
1 Z b1 * Py %
b
20 £z - -
- lz,.=0 21
2
: A(zl, 22)
Therefore, for the filter m———==- the second condition of
B(zl, 22)

Theorem 3 is verified if and only if |21{ > 1, that is

which is equivalent to (24).
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Since (23) and (24) compare magnitudes only, the same
A(zl,zz) A*(ZI,Zﬁ)

conditions apply to Blz. .2 and RGRDE and therefore these filters
1°72 1272
are either both stable or both unstable. If both are stable, then by

Proposition 1 in Appendix D, the filter given in (22) is stable.

Q.E.D.
Specializing Corollary 1 to rotated filters with their
coefficients as defined in (21) we obtain Corollary 2.
Corollary 2: Rotating a stable one-dimensional continuous

filter by an angle 8 in the (51,52) plane and applying the two-dimensional

bilinear z-transform, the resulting two-dimensional digital filter is stable

if 270° <8 < 360°

Proof: Substituting (21) into (23) and (24) we obtain (28)

and (29) as sufficient stability conditions for rotated filters

> fa+cosB] (28)

| lal - Jeoss

> | cosB ¢ sinB - a (29)

cosB - sinB -a

where

T _
a = Re[ §'P] and p represents the location of a pole.

There are no values of a and B satisfying (28);at best, both
sides of (28) are equal. This is because the transformation B(zl,zz) = 0
has a fixed point at 2y =2y = - 1. This pole is cancelled by a zero

because the transformation A(zl,zz) = 0 has also a fixed point at

z, =z, = - 1. However, the pole and zero might not exactly cancel each
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other because of quantization. To avoid this, since the centre of the
circle image lies on the real axis (see the Corollary in Appendix (), we
can always shift the circle image to the left by a small distance e. This
is illustrated in Fig. 6.

The set of values that satisfy (28) with equality is"

w3
n

1 {a,8: (a<oncosB>0) U (a>0ncos B <o)}

The set of values that satisfy (29) is

€2
I

2 {a,B: (sin B >0 na>cos B) U (sin B8 <0 n a < cos B)}

The set of values of a and 8 for which rotated filters are
stable is given by the intersection of set S1 and set SZ'

S1 n S2 = {a,B: (a<on 270° < B < 3600) u(a>on90°<g«< 1800)}

The regions of stability are illustrated in Fig. 7.
Q.E.D.

Theorem 4 in Appendix A indicates that it might be possible to

obtain stable filters for other angles of rotation by changing the direction

o s OF

of recursion. That is, by substituting either z, by z—l, or z, by z

both, in the filter transfer function H(zl,zz).

The application of Corollary 1 to all cases of interest results

in Table V.

11

* n means "and" , u means 'or"
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Given a one-dimensional continuous filter whose transfer
function H(s) has poles either in the left half plane (L.H.P.) or in the
right half plane (R.H.P.) and given an angle of rotation 8 from Table V
we may obtain the transfer function of a two-dimensional digital filter
which is guaranteed to be stable, It should be noted that changing

-1 . . . . .
Zq to z,” is equivalent to a rotation through a negative angle with

respect to the fl axis (horizontal mirror image) and changing Z, to zél

is equivalent to a rotation through a negative angle with respect to the
f2 axis (vertical mirror image). It should be also noted that starting
with a one-dimensional continuous filter either with poles in the L.H.P.
and angle of rotation B or with poles in the R.H.P. and angle of
rotation B + 180° results in a two-dimensional digital filter with the
same magnitude response (cf. (21)).

Therefore, it can be shown that all the possibilities
indicated by Table V result in a filter with the same magnitude response,
that is, the effective angle of rotation always satisfies 270° < Be < 360°,
To obtain a rotation through a different angle the data can be filtered in
a distinct manner. Consider for example the following.

In the frequency domain the filtering operation can be
represented as (cf. (9))

G(e-jwlT, e_jsz) = H(e’jwlT, e_jwlT) . P(e-jwlT, eujsz) (30)

It is easy to see that a rotation of the filter transfer
~jwlT —jsz
function H{e ., € ) by an angle 6 is equivalent to a rotation of

the two-dimensional Fourier transform of the two-dimensional input signal
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—jmlT ~jm2T
E(e , € ) by an angle -6 and a rotation of the output by an

angle 6. In Appendix E it is shown that the rotation of the two-
dimensional input signal results in the same rotation of its
two-dimensional Fourier transform. Therefore, to obtain a filter
rotated by an angle B, when 0° <8 < 2700, we may rotate the matrix
containing the input data by —900, -1800, or —2700, rotate the filter by

Bf, where 270° < < 360° for stability, perform the filtering operation

Be
and finally rotate the output matrix to the original position. Since

the data is usually given in the form of a matrix, which allows us to perform
the digital filtering operation, it can be easily rotated by angles which

are multiples of 90°.

When choosing the angles of rotation for the data and for

the filter the following equation has to be satisfied.

Be = Bf - By \ (31)
where
Be = gffective angle of rotation of the filter
with respect to the original data matrix.
Bf = angle of rotation of the filter
(270° < B < 360° for stability).
Bq = k-90° = angle of rotation of the input

data matrix (k is an integer)
Thus, given Be, the appropriate value of k has to be chosen

such that Bf = Be + k-900 and 270O < Bf < 360O are satisfied. Note that
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all the angles are measured counter-clockwise and modulo 3600, so k >o0

because Bf 2 Se always.  After filtering, the output matrix has to be
rotated by an angle -Sd. The current values of k and ﬁd:£61l0w
Be k Bq
0° <5, < 90° 3 270°
90° < 8_ < 180° 2 180°
180° < e; < 270° 1 90°
270° < 8_ < 360° 0 0°

The rotation of the data is not the only possible solution.
There are other transformations of the data which change the direction of
recursion. These transformations are the matrix transposition with respect
to each diagonal and the horizontal and vertical mirror images. An
alternative solution to the transformation of the data may be obtained by

using algorithms recursing in other directions.

3. Design of Filters with Circular Symmetry

We have shown that stable rotated filters can be obtained
for any angle of rotation(ﬂe).Therefore; cascading a number of rotated

filters whose angles of rotation are uniformly distributed over 180°
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results in a magnitude response which approximates a circularly symmetric
function by a polygonal. This polygonal has an even number of sides
because with each rotated filter we obtain two sides of the polygonal.
The more filters that are cascaded, the more sides the polygonal has and
the better the circular symmetry.

Suppose that the angles of rotation are between 180° and
360°. When the angle of rotation is B, 180° < B < 2700, we have to
transform the data matrix according to what was said in IV.2, then filter
with a B + 90° rotated filter, and inverse-transform the output matrix.
If B is uniformly distributed between 180° and 3600, these filters
rotated by B #+ 900, 180° < g < 2700, coincide with those rotated by 8,
270° < g < 360°. Therefore, we need a filter consisting of rotated
filters whose angles of rotation are distributed between 270° and 360°.
The contour levels of the magnitude response of that filter have
approximatively elliptical shapes with major axis oriented 315°. We refer
to this class of filters as elliptical filters. Fig. 8 shows an
example of an elliptical filter obtained by cascading the filters shown

in Figs. 2, 3, and 4. To obtain a circularly symmetric magnitude

response the following sequence of operations is used.

Input H T H T * b= Qutput

where the boxes represent linear operations, H denotes the elliptical
filter, and T denotes the transformation (e.g., rotation by 900).

Here we assume that the impulse response of the elliptical filter
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becomes negligible fast enough with respect to the dimensions of the

data.  An alternative solution is
Input ——— T =1 H T_1 H p——= Output
The combination
- T H T
is equivalent to an elliptical filter oriented 225°.  The magnitude
response of this filter is shown in Fig. 9. Cascading the filters in

Figs. 8 and 9 we obtain the filter shown in Fig. 12.

Figs. 10 through 15 show the magnitude responses obtained
by cascading 2, 4, 6, 8, 10 and 12 rotated filters respectively.
Figs. 16 through 21 show the same magnitude responses in one quadrant
only. We observe that cascading more than four rotated filters the
polygonal shape of the contour levels cannot be appreciated. Note
also that as the number of rotated filters which are cascaded increases,

the attenuation also increases and the cutoff region becomes steeper .

Tables 6 through 13 give the coefficients of the rotated filters
from which Figs. 8 through 15, respectively, were obtained. The angle
of rotation B, in degrees, is also given in the tables and the asterisk
denotes an unstable filter. These unstable filters should be realized

by implementing




where the filter H has been rotated by 8 + 90° and the transformation T
is a rotation by 90°.

Two-dimensional filters with zero-phase response can be obtained
[3]. Suppose for example that the following linear operation is

performed

INPUT =1 H — OUTPUT

'4’
3
o=
1
3
3
o
]
=
A
~3

where H denotes an elliptical filter oriented 315° and T denotes a rotation
by 90°, This is equivalent to a cascade of an even number of rotated
filters whose angles of rotation are uniformly distributed between 0% and

o)

3607, This filter has zero phase response. Indeed, its transfer

function can be written as follows

g -1 -1
H(zl,zz) = H(zl,zz) H(z1 sZ )]

where H(zl,zz) is the transfer function of a cascade of rotated filters
whose angles of rotation are distributed over 180°. Clearly, the

filter ﬂ(zl,zz) has zero-phase response and its magnitude response is

the square‘@f the magnitude response of H(zl,zz).

V. REALTIZATION

1. Two-Dimensional Complex Cascade Programming

Algorithms for implementing two-dimensional recursive filters
have been given by Shanks in [18]. The technique of complex cascade

programming [16] in two-dimensions is developed here. This method is

26
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suitable only for factorable filters such as those presented in
Section IV. It has the advantage of reducing the effect of
computational errors.
For ecomplex cascade programming (20) is expressed in the form
r o p n
= s H¥* * *
H(zl,zz) A .H Hi(zl’ZZ). il H.(Zl,zz) Hj(zl,zz)
1=1 j=r+l
where 2n-r is the order of the filter, H?(zl,zz) for 0 <i < r are
the filters in the cascade which have real coefficients, and Hi(zl,zz)
and H;(zi,z;) for r < i £ n are the remaining factors in the cascade.
That is,
ai + ai ar. z
11 21 71 12 72

R i 1
1+ Dbyy 2y + b3y 2, + by 2y 2

VA +

R .
Hi(zl,zz) = Q<isr  (33a)

where the a's and b's are real.

i i i i
+ +
H.(z,,z,) = 1 agl 1 a%z “2 a?Z ‘1% r<isn  (33b)
112 1+bs, z +b>_ z +bl z z
21 "1 12 72 22 "1 "2
i % i = i (* i (%
a + (a z, + (a z, + (a zZ. Z
H¥ (2%, 2% ( ll) ( 21) 1 ( 12) 2 ( 22) 1 2 r<is<n (33c)
112 1+ 1%z« oF )+ 010"z 2
217 "1 127 =2 227 71 72
Without loss of generality we have assumed that bil = 1 for
0 <i<n. If bX, = 1 for some i we can always divide the numerator

11
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and the denominator of the corresponding filter of the cascade by bil.

A block diagram for complex cascade programming is given in
Fig. 22, With reference to this block diagram and (33), the complex
cascade programming of H(zl,zz) consists of successively solving the following

difference equations for g(k,%)

d_(k,8) = A £(k,2) (34a)
i i .
di(k,l) = ap; di_l(k,z) *ay di_l(k 1,8) +
+ i d (k,2~1) + ai d (k-1,2-1) +
42 Y1 22 %i-1 ,
blod(k-1,8) - br d (k,2-1) +
21 497 12 4%
bl dl (k-1,2-1)
22 43
fori=1, 2, ..., r (34b)

Rele, (k,2)] = Re[ail] d, (k,2) + Relal ] d,  (k-1,8) +
s Re[aiz] d, 4 (k,2-1) + Re[aéz] d, ;(k-1,8-1) +
- Re[b;l] Rele, (k-1,)] + Im[bél] Infe, (k-1,1)] +
- Re[biz] Rele, (k,2-1)] + Im[biz] Infe, (k,2-1)] +

- Re[béz] Rele, (k-1,2-1)] + mn[b},] Infe, (k-1,2-1)]

(34c)
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i

i
all] di_l(k,l) + Im[azl] di_l(k-l,l) +

Im[ei(k,lj] = Im[

i
1

+

Infal,] d,_ (k,2-1) + Im[aéz] 4, {(k-1,2-1) +
- Im[b;l] Re[e, (k-1,2)] - Re[b} ] Im[e, (k-1,2)] +
- In[bl ] Re[e, (k,2-1)] = Re[bl ] Imfe (k,2-1)] +

- Im[b%z] Re[e, (k-1,2-1)] - Re[b%z] Infe, (k-1,2-1)] (34d)

4, (k) = Re[ail] Refe, (k,2)] + Im[a}l] Infe, (k,2)] +

+ Re[aél] Re[e, (k-1,2)] + Im[a} ] In[e, (k-1,8)] +

i
12]

+

Re[a Re[ei(k,z-lj] + Im[aiz] Im[ei(k,z-l)] +

i

+ Re[azz]

Re[ei(k~l,2—l)] + Im[aéz] Im[ei(k-l,z—l)] +

i Mle=T1. - i ( Z1)
- Re[b),] d; (k-1,8) - Re[b],] &, (k,2-1) +

i

- Re[bzz]

d, (k-1,2-1)

for i=r+1, ... , n (34e)

gk,2) = d (k,2) (34£)

It should be observed that the sequence'{di(k,l):i;O,l,Z,.,.,n}

is real and the sequence'{ei(k,zjzi=r+l, r+2,...,n} is complex. A
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feature of the recursive equations (34) is that they involve real
arithmetic operations only.

Examples of impulses responses normalized to a peak value of 1.0
are shown in Figs. 23 through 29. In every case equations (34) were
solved for 101x101 discrete input values, where the only nonzero value
was f({51,51) = 1.0. Figures 23, 24, and 25 show impulse responses in
one quadrant only because they were obtained with causal filters. The
impulse response shown in Fig. 24 was obtained with an unstable filter,
a second-order Butterworth filter rotated 225°. In Figs. 26 to 29 the
idea of combining elliptical filters and rotations by multiples of 90°
was used, so the impulse response exists in more than one quadrant.

All the equations shown in this thesis were coded in FORTRAN 1V,
The most relevant programs are listed in Appendix G. The machine
used for the computations was the IBM SYSTEM/370-165 with a FORTRAN IV
(G, level 21) compiler and the contour maps were produced with a
CALCOMP plotter. Table XIV gives the CPU time emploved in obtaining

the data for Figs. 23 through 29.

2. Computational Errors in Two-Dimensional Complex
Cascade Programming

Since operations in a digital computer are carried out with
only finite bit accuracy there is an accumulative roundoff error which
propagates through the stages of the filter. In the steady state, this
computational error can be represented by a set of additive noise

processes at the output of an errorless computer [19]. We will find
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an expression for the computational error to be added to the computer
output of the ideal realization to account for the finite wordlength of
the actual machine. This analysis is based on the one-dimensional
analysis in [16].

If we call wi(k,E), i=0,1,2, ... ,3n-2r, the roundoff errors
incurred in the evaluation of equations (34), then the actual outputs of

the elements in Fig. 22 hecome

dé(k,l) = A f£(k,2) + wo(k,ﬁ) (35a)
- i ¥ ‘
di(,) = ap, Al (k,2) o+ oAy d 0Ly s
i , _
*ag, di_l(k,l 1) + 22 (k 1,8-1) +
i i
b21 di(k-l,l) - b 2 di(k,ﬂ-l); +
i
- b22 di(k-l,ﬁ—l) + W, (k,2)
for i=1,2, ... ,r {35b)
¥ = -
Re[ei(k,ﬁ)] = Re[all] di_l(k,l) + Re[azl] d{-l(k 1,2) +
+ Re[alz] d'_l(k,l—l) + Re[azz] d{_l(k—l,l-l) +
i i
- Re[b21] Re[e{(k—l,l)] + Im[b21] Im[e{(k—l,i}] +
RefblZ] Re[ei(k,z 1] o+ Im[blz] Im[ei(k,z ] o+
i
- Re[bzz] Re[e{(k-l,Q—l)] + Im[bzz] Im[e{(k-l,z—l)] +
W, k,2) (35¢)

3i-27-2
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Infe) (k,2)] = Im[ail] a1, (k,9) . Im[a;11 a_((k-1,2)  +
. Im[aiz] a G- s Im[a;Z] ar_ (-1,8-1) +
- Im[bél] Re[e{(k—l,ﬁ)] - Re[bél] Im[e{(k-l,z)] +
- Im[biz] Re[e{(k,z-l)] - Re[biz] Im[ei(k,z-l)] +
- In[bl,] Rele!(k-1,8-1)] - Re[bl,] Infe) (k-1,2-1)] +
s g o (K,2) (354)
d{(k,l) = Re[ail] Re[e{(k,ﬁ)] + Im[ail] Im[e{(k,z)] +
+ Re[aél] Re[ei(k—l,z)] + Im[aél] Im[e{(k—l,z)] +
+ Re[aiz] Re[e{(k,z-l)] + Im[aiz] Im[ei(k,l—l)] +
+ Re[a%z] Re[e{(k—l,z—l)] + Im{agz} Im[ei(k—l,ﬂ—l)] &
- Re[b,] dl(k-1,8) - Re[bl,] 4 (k,2-1) .
. Re[bgz] ar(k-1,8-1)  + wg, o (k,2) (356)
for i=r+l,r+2, ... ,n
g'(k,2) = d'(k,2) (35f)

Defining the computational error quantities as the difference

between the actual and the ideal outputs of the elements in Fig. 22,

we have
i ' -
e, (k,2) 4 d!(k,0) - d_(k,2) (36a)
e, (k,2) a dj (k,2) - d; (k,0) 0<ic<r (36b)
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eSi-Zr-ZCk’g) = Re[e{(k,z)] - Re[ei(k,ﬁ)] r<is<n (36¢)

ESi-Zr—l(k’Q) = Im[ei(k,ﬁ)] - Ym[ei(k,ﬁ)] r<ign (36d)
A .

eSi_zr(k,z) = di(k,ﬂ) - di(k,l) r<ign (36e)

then, from (34f), (35f), and (36e) the computational error ec(k,z) on the

computer output is evidently 53n_2r(k,2) where

e.(k,2) = g'(k,2) - g(k,2)

Taking the two-dimensional z-transform of equations (34) and (35)
the block diagrams in Fig. 30 were obtained and the relationship
existing between the computational-error sequence ec(k,z) and the error
sequences {wi(k,ﬁ)} was determined. This relation is shown in (37) and

in Fig. 31.

3n-2r
2 (2y52,) = I, (2,,2,) = iZn C; (20,2,) W, (2,2, (37)

where

H(z,,z,)

_ 1772
Col2y029) = —x——
1 T n
C.(z,,2.) = - { I H.(z,,z )} ( T H.{(z,,z.) H?(z*,z*))
i~1°72 1+ G; =i+l 1772 jer+l jrr1v2” 3172

for 0 <i<r

C

( ) —Gz[G;(1+G;)-G;GZ] [ n ' :
. Z,,Z - = - T H,(z,,z,) H*(z* z*)}
~27-2 ’ 2 2 > ’
3i-2r-2%71772 [1+G;] [(1+G;)u_(G2)m] R jT172 371772

j=i+l
for r<i <n

i i i
62 (1+G3) + G G4

i
n
1
Cos 5 1(27,2,) = - — . { T H.(z,,z.) H?[z*,z*)}
3i-2r-1""1772 [1+G§] [(1+G;)”+(Gz)2] j=i+l jrt1T2s L2

for r<i<n
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1
i

1 + G3

n
1 L] % %* * 3
{ n hj(zl,zz) Hj(zl,zzj] for r <i<n

3i-2p(%12%)) = .
J=1+1

i
221 2y 2y

(]
[E1]

_ i A i i i
1 Gl(zl,zz) = Re[all] + Re[a21] 2y *+ Re[alz] Zo * Rela

G; z G;(zl,zz) 4 Im[ail] + Im[aél] 2y * Im[aiz] 2y * Im[a%z] 2y 2,
Gé z Gi(zl,zz) = Re[bél] zy + Re[biz] 2, + Re[b%z] Zy 2
Gi = Gi(zl,zz) 4 Im[bél] zy * Im[biz] 2, * Im[béz] 21 24

for i=1,2, ... ,n

The product term in the equations above is set to unity when min(j)2n.

VI. CHOICE OF FILTER PARAMETERS

In Section IV.3 it was shown how the cutoff frequency and the
shape of the magnitude response of a two-dimensional filter depend on
the number of rotated filters being cascaded.

Since our goal is the design of filters with specified cutoff

frequency and shape, in this section we study how to control them.

1. Cutoff frequency

A transformation which changes the cutoff frequency of a filter
was the first thing which was thought of in order to compensate for the
diminution in the cutoff frequency when a number of rotated filters are
cascaded. This transformation, analogous to that used in one dimension

to transform a low-pass filter into another low-pass filter (with

34




different cutoff frequency), was the following

where

z, - @ 2y - @
z, —* z, —*
1 2
l -0z 1 -az
1
Y%
sin( T)
2
o=
w tw
sin( 5 i)
w, = cutoff frequency of the filter
w, = desired cutoff frequency
T = sampling period

Applying this transformation to the transfer function of a

filter, such as that given in (20), we obtain

where

a M
H(ZI’ZZ) = A‘.H
i=]
al - a
11
al = a
21
a1 = &
Ai _
822 = a
o1
b11 = b

;i + ;i A + ;i z + ;i
11 21 21 12 22 ¥ 332 % %3
1 3 1 3
byy * by 2y * by, 2y F Doy 2y 2,
i o (al +al ) + C12 .
11 217212 22
i, (al +al ) + a2 a1
21 117222 12
i o (al +a1 ) + a2 a1
12 117322 21
i o (al +a1 Y+ C£2 a1
22 217312 11
i i i 2 i
11 = @ (byy#by,y) +a” by,

(38)

(39)

(40)

(41a)

(41b)

{41c)

(41d)

(41e)

35
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i i i i 2 i
b5, = by - a (b]+by,) + o bl (41€)
~5 i ioi 2.4
b1y = byp - o (byy¥byy) +an by, (41g)
~i i i 2 i
byy = byy m o (byy*byn) +at by (41h)

A program was written in FORTRAN IV to implement the transformation
above. The principal features of that program follow.

a) Given the coefficients of a two-dimensional digital filter
(low-pass), find the cutoff frequency in a given direction (e.g., 00).

b) Determine a according to (39) and calculate the coefficients

of the new filter according to equations (41).

c) PFind the cutoff frequency of the filter in a given direction

(e.g., 0°).

d) Check for stability.

e) Find the magnitude response and plot a contour map.

The program was tested transforming the filter whose magnitude
response is shown in Fig. 12. The cutoff of the original one-
dimensional filter was 0.2, but after cascading the six rotated filters
the cutoff frequency (cf. Fig. 12) was 0.150. The transformation was
made to get a desired cutoff frequency of 0.350 but it resulted to be
0.3575. The new two-dimensional filter was unstable and the magnitude
response became distorted. If the change in the cutoff frequency
would have been smaller the results might have been better. No attempt
was made to improve the method because another technique more accurate

was found.
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This technique consists of an iteration that modifies the cutoff
frequency of the original one-dimensional continucus filter in the proper
amount and sense until the desired cutoff frequency of the two-
dimensional digital filter is reached.

This method was implemented by writing a program in FORTRAN IV
{given in Appendix G) featuring the following steps.

a) Read in the coefficients of the one-dimensional continuous
filter (with cutoff frequency normalized to unity), the number of
rotations desired, and the desired cutoff frequency fu of the two-
dimensional digital filter given as a fraction of the Nyquist
frequency.

b) Determine the coefficients of a two-dimensional digital
filter with cutoff frequency fu {(using equations (21)).

¢) Find the cutoff frequency fc'of the filter obtained in &
given diraction.

d} Determine the coefficients of a two-dimensional digital
filter with cutoff frequency 2fu—fc.

e} Repeat steps c) and d) until ffu—fc! < £ where £ is the
specified maximum error of the cutoff frequency in that direction.

f) Determine the shape factors (see Section VI.2).

g) Check for stability.

h) Evaluate the magnitude response and plot a contour map.

The program described above was used to design many filters
of different shapes and cutoff frequencies. The convergence was

cbtained quickly. The number of iterations required increases with




the cutoff frequency and decreases with the order of the original one-
dimensional filter.

The following examples show typical iterations. In every case
the specified maximum error of the cutoff frequency in the direction 0°
was e=0,000001.

Example 1. Cascading four rotated second-order Butterworth
filters design a two-dimensional recursive filter with cutoff

frequency fu=0'35'

fu fc
0.3500000 0.2810633
0.4189366 0.3277398
0.4411968 0.3420500
0.4491468 0.3470686
0.4520782 -0.3489091
N.4531690 0.3495914
0.4535776 0.3498468
0.4537308 0.3499420
0.4537887 0.3499787
0.4538100 0.3499917
(0.4538182 0.3499967
0.4538215 0.3499993

Example 2. Cascading two rotated sixth-order Butterworth
filters design a two-dimensional recursive filter with cutoff

frequency fu=0.1,

38




fu fc
0.1000000 0.1295867
0.0704132 0.0918840
0.0785291 0.1023031
0.0762260 0.0993515
0.0768744 0.1001834
0,.0766910 0.0999478
0.0767431 0.1000154
0.0767277 0.0999946
0.0767331 0.1000001
0.0767314 0.1000000

Example 3. Cascading eight rotated nineth-order Butterworth
filters design a two-dimensional recursive filter with cutoff

frequency fu=0.1.

fu fC
0.1000000 0.0959838
0.1040161 0.0997757
0.1042403 0.0999878
0.1042524 0.1000000

2. Shape factors

Here, rather than giving huge tables of shape factors for a
large class of filters, we describe some different kinds of shape
factors that are suitable for two-dimensional digital filters. We

also give some tables containing shape factors of two-dimensional
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recursive filters derived from Butterworth filters of different orders.
Since the shape of the magnitude response of a filter depends on the
cutoff frequency, as shown in Fig. 32, all these tables are given for
filters normalized to a cutoff frequency of 0.1.

The first shape factor is the ratio in dB of the magnitude
response at the cutoff frequency and the magnitude response at a
frequency at a distance d beyond the cutoff frequency in a specified
direction. This shape factor, that we call shape factor number 1, is
given in Table XV for d=0.05 and d=0.1 in the directions 0% and 45°,

The second shape factor (No. 2) is the distance between the
cutoff frequency and the frequency corresponding to an attenuation of
A dB. Table XVI gives this shape factor for A=10, A=20, and A=40
in the directions 0° and 45°,

The third shape factor (No. 3) concerns the circular symmetry
only and gives the area hetween the -3 dB contour and a circle of
radius the cutoff frequency. These areas are given in Table XVII.

The fourth shape factor (No. 4) is both a measure of the steepness
of the magnitude response and a measure of the circular symmetry. It
gives the volume between the magnitude response of the filter and the
magnitude response of an ideal filter (low-pass). The magnitude
response of an ideal low-pass two-dimensional filter in polar
coordinates is

=] for v < fc

H(v)

=0 otherwise
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VII. CONCLUSIONS

The work described above concerns the design of stable two-
dimensional recursive filters whose magnitude response approximates a
circularly symmetric function. The principal advantages of the method
are

a) Stability can be guaranteed.

b) The method leads to a recursive realization which is more
efficient than a nonrecursive one.

¢) The filters are factorable into lower order filters, so that
they can be efficiently realized. In general this factorization is
not possible for two-dimensional recursive filters.

d) The calculation of the coefficients of a filter using a
digital computer is fast.

For the realization of these filters the technique of complex
cascade programming has been developed in two dimensions and the
associated computational errors have been analyzed. This technique
has the advantage of minimizing the computational errors.

Finally, we have shown how to obtain the desired cutoff
frequency in a given direction with a specified maximum error in that
direction. We have also given tables of shape factors to help the
designer choosing the order of the original filter and the number of
rotations for a particular application.

Future work could be done on frequency domain synthesis in
order to have more control of the error from the ideal characteristics

of the filter. In particular, a problem of interest is to choose a
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direction for the exact cutoff frequency such that the deviation from
the cutoff frequency in all other directions is minimized (i.e.,
minimize shape factor number 3, §ge Section VI.2). The suitability
of the filters discussed in this thesis for filtering images (or other

practical applications) could be tested.




APPENDIX A

The following theorems concern stability of two-dimensional

recursive digital filters.
Theorem 1 [11] : A two-dimensional filter is said to be
stable (in the sense that a bounded input produces a bounded output) if and

only if its impulse response satisfies the constraint

) ) |h(mmn)| <
e o (A.1)

Proof: The sufficiency is easily verified by considering as
input to the filter a bounded sequence, and determining the output.

Consider the input ‘x(m,n)l < M, then by (2) the absolute value

of the output is

[ee) [ee)

) Y h(i,j) x(m-i,n-j)

i:—OO j:—OO

|y(m,n)

<M ) ) 'hci,j)

i=-o j:-m

< ®

Hence, if z z h(i,j)| < « , then ]y(m,n)[ < 0 which shows
fmeco j:-m

that y(m,n) is bounded.

The necessity can be proved as follews. If (A.1) is not

satisfied, then a bounded input can be found such that the output is




unbounded. Such an input is the sequence

+ 1 all (m,n) such that h(-m, -n) =2 0
X(m:n) =

- 1 all other (m,n)

For this sequence, the output at m = n = 0 is
y(0,0) = ] ! h(@,)) x(mi, n-j) =
) ] = w00 m=n=20

h(i,jl| = =

D)

j=-c j:-w

Therefore, (A.l) is a necessary and sufficient condition for

stability.
Q.E.D.

Theorem 2 [15]: A causal recursive filter with transfer

function

Alz,,
H(zyh2)) = Eé'z"l‘"?% ’
21°%2
where A and B are polynomials in z) and Zss is stable if and only if
there are no values of zy and z, such that B(zl,zz) = 0,]Z1l < 1 and

Izzl < 1.




Proof: Let

Az, ,z o0
H(zl,zz) = Eézl—zg;- = z
1°72 =

We want tovshqw that

o]

YolhG, )] <=
1 j=1

e~-18

i
if and only if H(zl,zz) is analytic in the region
D = {(zl,zz) : lzl} <1n ]zzi < 1}
. . - - - - a]..l E > O
Necessity: If H(zl,zz) is analytic in D, we can find

such that H(zl,zz) is analytic in

D, = {(z)52,) ¢ [zll <1l+en !zzl <1+¢}

which implies that

z z h(i,]j) 2t 23
LB b 172
i=1j=1
is absolutely convergent in Dl' Therefore,

I ) h@i] <=
i=1j=1

Sufficiency: If

R YERSDE RN
1j=1
then by the M test,

~1 8

#

i

7 T n(, 2t 2
is1521 b 2

is absolutely convergent in D, which implies in turn that H(zl,zz) is

analytic in D.
Q.E.D.




A.4
Theorem 3 [15]: A causal recursive filter with transfer

function H(zl,zz) = A(zl,zz)/B(z ), where A and B are polynomials is

1°%2
stable if and only if:

1)  the map of the unit circle of the z, plane, {z,: !zll = 1}

into the 22 plane, according to the equation B(zl,zz) = 0, lies outside the

< 1} ; and
|

2) no point in the unit disk of the z, plane {zl: lzl] < 1}

unit disk in the z, plane, {z |z

22

maps into the point z, = 0 by the relation B(zl,zz) = 0.

2
Proof: We want to establish that the stability conditions of
Theorems 2 and 3 are equivalent. It is obvious that the stability conditions
of Theorem 2 imply those of Theorem 3. So we proceed to show the
implication in the reverse order.
The two—variéble polynomial B(zl,zz) = () defines an algebraic
function 22 = f(zl). We first modify the unit-circle contour in the zy

plane to exclude any singular points of f inside the contour, resulting in

a modified contour adi, as shown in Fig. A.1. We use di to denote the

closed region enclosed by adi. A point'zl = z? is called a singular
point of z, = f(zl), if B(z?,zz) = 0, considered as an equation in Zss

has multiple (finite or infinite) roots.
According to the theory of algebraic functions, in di the

function z, = f(zl) has a number of branches, each of which is holomorphic.

Therefore, from the maximum-modulus theorem, the maximum of ]f(zl)l over

1

dl occurs on adi, and the minimum of f(zl) over di can occur in the

interior only if the minimum is zero. However, condition 2) of Theorem

3 says f(gl) is never zero in di. Therefore, the minimum of f(zl) occurs




A5

on Bdi, that is,

[£(d)) [= min |£(3d))]
which implies that if lf(adi)l > 1, then ]f(di)[ > 1, that is, to ensure
that £(d;) lies outside the unit disk d, = {z,: |z,| < 1}, it is sufficient
to ensure that f(adi) lies outside d2.

We are almost there, but not quite. What we really want to
show is that if If(adi)l > 1, then |f(dl)[ > 1, where dl =z {z,:
and 8d1 = {zlz lzll = 1}.  Since the detour in adi can be any path
leading from adl to the singular point, what is left to show is simply

that |f(s)| > 1, where s is the singular point. But since each branch

of z, = f(zl) is continuous at z, = s, and since ff(s + eeje)[ > 1 for

2 1

arbitrarily small £ and any 6, we have ]f(s)[ > 1,
Q.E.D.

Remark: Testing stability using these theorems is hard

because for each particular value of'z1 = El’ where 21 belongs to the unit

disk in Theorem 2 or it belongs to the unit circle in Theorem 3, the

equation B(El,zz) = 0 has to be solved for z This has to be done for

5
all (in practice a large number) of points in the unit disk (Theorem 2)

or in the unit circle (Theorem 3).

Theorem 4 [15]: Among the four recursive filters which can

be associated with H(zl,zz) = A(zl,zz)/B(zl,zz), that is, H(zl,zz) itself,

-1 -1

_l —1 . 1
H(zl ,zz), H(zl,z2 ), and H(z1 »2y ), at most one is stable.




Proof:

. i -1 -1
filters H(zl,zz), H(zl ,22), H(zl,z2 ), and H(z

if there are no values of z

1) [zl] <1
2)  z;l =21
3) }zl] <1
4z 21

It is evident

1
and |2, |
and |z, |
and |z, |
and |z, |

and z

2

IN

v

v

It can easily be proved, using Theorem 2, that the

-1
1

such that B(zl,zz) = 0 and

1 for
1 for
1 for
1 for

H(zl,zz)

-1
H(z1 ,22)

-1
H(zl,z2 )

-1 -1
H(z1 225 )

that at most one of these four stability

A.6

,zgl) are stable if and only

conditions, corresponding to the four recursing directions, can be satisfied.




APPENDIX B
The following proposition is essentially the convolution
property of the two-dimensional z-tramsform.

Proposition: The two-dimensional z-transform of {B.1) is (B.2)

b a a
1 b.. gmi+l, n-j*1) = § ) 2;; f(m-i+l, n-j+1)

iz j=1 izl j=1 (B.1)
B(zl,zz) G(zl,zz) = A(zl,zz) F(zl,zz) (B.2)
where
A Ma Na
. i-1 j-1
A(zl,zz) = .Z Z alJ z z5 |
i=1l =1 (B.3a)
A Mg N? i-1 j-1
B(z,,z,) = b.. =z zZ
1720y gy 1 2 (B.3b)
a o s m n
Fzy525) = m=§w n=§w fm,n) zy 7 (B.3c)
G(z,,z,) 2 E E g(m,n) 2 P
] - 3
1°%2 e e 1 % (8. 30)

Proof: Taking the two-dimensional z-transform as defined

in (@) of both sides of (B,1), we obtain

b
z Z ) ) b.. g(m-i+l, n-j+1) ZT z, =
m=-® n=-o 1=1 J=l 1]

I
o~
o~

I~




Inversion of the order of summation gives

Mb N © o]

li b z z i+l .+1) m n _
izl j=l ij = - 00 n:-o§ g(m—l ,n-J Zl Zz )
Mo N e .
Since Z4 and z, are unit delay operators we have
M N 0w
i-1 n+j-1
z z b. . z z g (m,n) zm+1 L =
i=1 J=1 1) p=-w n=-c 1 2
_ , m+i-1 n+j-1
= Z ‘Z 4. . ) Y f(m,n) z, Z,

Now we can separate the summations in i and j from the

summations in m and n obtaining

This equation is actually {(B.2) with A(zl, zz), B(zl, 22),

F(zl, 22), and G(zl, 22) as defined in (B.3)

Q.E.D.

B.2




APPENDIX ¢

Lemna 1: The image of the unit circle {z;: lzl] = 1}
by a bilinear transformation of the type
P11 by B
Z, = - 5
2 12 " Py 7 (C.1)
where bll’ b21’ b12’ and b22 are any complex constants, is another
circle in the Z, plane of centre c and radius r given by
* *
b21 b22 : bll b12
c - o prme—p
Pl - ool
12 22 ,
(C.2)
P11 P20 7 P21 Py
r = T T
Pl - ol |
(C.3)
Proof: The proof that (C.I) maps circles into circles can

be found in any text on complex variables (see for example [17]) and will
not be included here.

Tg® find the centre and the radius of the circle image we have
to determine two points z., and z., over the unit circle {zl: [zl[ =1}

1A 1B

such that their images Zoa and Z,p @re diametrically opposite ( i.e.,

G.1




maximally far apart) over the circle image.

A + Z

C.2

Under these circumstances

2A 2B
c =
5 (G.4)
Zoa T 2B
r =
2 (C.5)
In order to see how we choose zlA and le we write (C.1) as
follows b21
b - —— :b_
11 12
byp *byp 2 Py b2 v
Z2 = - = - - = o+ (C-é)
big * by 23 by Pyy L Dpzy bio * by 7
where
b21
H = - =
b22
b21
voE=byg 5 bip
22
The transformation (€.6) can be considered as a combination




of the following transformations

namely, the product of a similarity, an inversion, and another similarity.

The similarity has the property of mapping straight lines
into straight lines and so does the inversion v = 1/u for those straight
lines crossing the origin in the u plane. Since our domain of interest

is {zl: [zl} = 1}, the points in the u plane lying on a straight line

crossing the origin, and that, according to the transformation

u = b12 + b22 z, are images of some z

following (see Fig. C.1)

1 such that lzl] = 1, are the

by,
uy = by, - }bzzll;’”i
12 €.7)

b12

up = by * lbzzi 15‘;’ (C.8)




.4

Therefore, by the transformation

b b

21 21 1
z, = - == -(b.. - ==b.) =
2 b, 11~ b, "12
the points Z2A and Z,y are
31 P11 P2 Py Py lblzl
Zoa é z, = - - (C.9)
U=y 522 522 PR LIP IR P
A P21 P11 P22 7 Po1 Py !blzl
Zop = 2% = - - (C.10)
us=ug by 522 b1y (Joyp] * |Poa)

Substituting (€.9) and (€.10) into (€.4) and (€.5} the centre

and the radius are

Zoa T %o ?31 bgz - by biz
o 2 ) {E;2)2 "Ibzziz

Zoa T ZoB % bjy Pyp = Py by
o 2 ! : iblziz )bzziz

Q.E.D.




C.5
Corollary: If the coefficients bll’ b21, b12’ and b22
of (G.1) are defined by (21) the centre ¢ and the radius r of the circle

image are given by

a
c = -
a + cosB (C.11)
cosB
a + cosB (€.12)
where a = Re [ ]
[P
Remarks:  Note that the centre given by (C.,11) 1is real,
that is, it is going to lie always on the real axis. If a + cosB =0

the circle image becomes a straight line perpendicular to the real axis

at the point ( - 1, 0).




APPENDIX D

The following proposition is used in the proof of Corollary

1 in Section 1IV.

Proposition 1: A cascade of stable two-dimensional discrete

filters results in a stable filter.

Proof: Let hl(m,n) and hz(m,n) be the impulse responses
of the filters with transfer functions Hl(zl,zz) and H2(zl,zz),
respectively. The transfer function, H(zl,zz), of these two filters in

cascade is the product of their transfer functions.

H(zl,zz) = Hl(zl,zz) . Hz(zl,zz)

Since multiplication in the z-domain results in convolution
in the space domain (see Appendix B) the impulse response of the filter

with transfer function H(zl,zz) is

e

h(mn) = } ] hy(,3) . hylm-i,n-j) (0.1)

'=—oo J:—w

We have to prove that if (cf.(3))

e o«

) I fhmn)] <a (D.2)
and
z z lhz(m,n)l < o {D.3)

D.1




then

Lo

m:-oo n==-=<

in cascade.

o0 o0

) Y |h(mn)| < | (D.4)

Mm=-o© nN=-0

Indeed, from (B.1)

]h(m,n)} =

= 1 1 1 I m .3 ¢ hy mei,ned) (D.5)
M= =0 = -0 1= 00 = 00

= 1 I I I ImGal- |hmin-g) =
= ~-00 n=-o 1==® 2T e 0O

= 1 I IhGnl I I I, meineg) <e
1=-c = ~00 m=-oc = w00

Clearly, this proof can be iterated for any number of filters

Q.E.D.

D.2




APPENDIX E

In this appendix we show that a rotation of a function in
the space domain causes an equal rotation of its Fourier transform in

the frequency domain.

Proposition: Let £(x,y) be a function of two variables.
Its Fourier transform is defined by (E.1)

[=<]

F(wl, wz) = f[ - f(x,y) exp [fj(wlx + w2y)] dx dy (E.1)

- OO

If the function f(x,y) is rotated by an angle 9, then its

Fourier transform F(wz, wz) is rotated by the same angle 8.

Proof: Rotating the function f(x,y) by an angle 6 is
equivalent to rotating the axes x and y by an angle -8. The old
1 t
coordinates (x,y) and the new coordinates (x , y ) are related by the

following equations.

x’ X cosH - y sins (E.23)

X sinB + y cos®H (E.2h)

<
i

The Jacobian of this transformation is equal to 1 and the




x5
[

equations of the inverse transformation are

x = x'" cos 0 + y' sin © (E.3a)

1

y = -x' sin 6 + y' cos 6 (E.3b)

Therefore, the rotated function is
fR(x,y) = £f(x', y') = f( x cos & + y sin 6, x sin 6 + y cos 8) (E.4)

Taking the Fourier transform of (E.4) and substituting the
‘variables of integration according to the transformation in (E.3) we

obtain

@0

FR(wi’ wz) = {J fR(x,y)-exp [-7 (w1x +ﬂ@§¥)] dx dy =

-0

@0

[J f(x cos 6 -y sin 6, x sin 6 + y cos 8):

-0

. exp[—j(mlx + wzy)] dx dy =

@0

{J fx' y")rexp [-j(w) X' +w) y')] dx' dy' =

-
= F(wi, wé ‘ (E.5)
where
wi = W ces 6 - W, sin 0
wé = 0 sin 8 + w, €os 8

These are the equations of a rotation of the frequency axes by
an angle -6. Therefore the Fourier transform F(wz, wz) has been rotated

by an angle 6. Q.E.D.
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APPENDIX G

Program Listing

s sl d s e e vl ok i o ol s e e e o e sk oMl YR e sk MAIN PROGRAM Feode de el sese sk ol e ook sk oo sl e ek
COMPLEX CASCADE PROGRAMMING OF A TWO-DIMENSIONAL
RECURSIVE FILTER USING REAL ARITHMETIC.
REAL GETI{531/70:95026+U:3+0:0,
DATA NUJS/Y

INTEGER TIME(5,:40)
LOGICAL NIR

REAL XALIL 61+ XA2110 6¥5XA120 &1 XA22{ 6},
- YAL1{ £3,YA21{ 6),¥A121 6):YA22{ 61,
- AB11{ &6),XB21{ 6}.XB12{ 6})+.XB22{ 6}
- YBI1L 6),¥YB2L1 6),YBL12{ &),¥B22{ 61},
- X11182 s 61+ X2{102, 6 ¥Y11102, 5. ¥Y21{102,; 61,

DI{I02y 61,D201802s 8).D{142,1802)
CALL ERRSET {2067+256,0411%

INITIALIZATION
NX=102

NY=1G2

ITIME=D

INITIALIZE FOR CONTOURING
Ii=2

J1=2

Ipﬁﬁzl

XSI2E=8.0

YSIZE=6,0
XSIZE2=XSIZE%0s5
YSIZE2=YSIZE*D,.5

IPLOT=0

NDEC=1¢
TN=0
X=2,0
Y=252
1 REALAL{D5,5¢ I NP, MDD, ND, INDORM
IFINP.NELDY GO TO 5

END CF EXECUTION
IF{IPLOTNES7) CALL PLOTND
WRITE(6,6010) ({TIME{KL)sK=1+5)+L,L=1,ITIME}

@0
[

s 3 e e e e




G.2

sToe

oy Oy

IMPULSE RESPUNSE 3R INPUT DATAZ
5 CONTINUE
ITIME=ITIME+]
CALL UTTIME {TIME(L,ITIME})
NIR=sTRUE,
TF{MD.GT el oANDs NDoGT-2) GO TO 15
MD=TABS (MDD}
ND=TAB S{ND)
NIR=.FALSE.
15 KERND=MD+1
LEND=ND+1
TEND=NP+1

READ CCEFFICIENTS OF THE TWO-DIMENSIONAL FILTER
{DC NOT READ COMPLEX CONJUGATES)
25 READ{5,5081)
“{XALIOT ) YALLL D) s XAZLLT) s YAZL{T) o XAL211) ,YAL2{ T+ XA22{1),YA22({1},
~ I=2, 1END)
READI{S,5441)
={XBLICI) s YBII(I)»XB21{I1},YB21{1)XB12{1),¥YB12{1},,XB221{1),¥YB221{13,

- I=2, IEND)

'oReNe]

e
L

TE IMPULSE OR READ INPUT DATA MATRIX

Di52+:5231=1,0

35 IF(NIR]) READ(5,580
ITIME=ITIMEY]
CALL UTTIME (TIME{1,ITIMED)

} {{DIKs L) sL=2,LEND) s K=2,KEND)

I

oo
&

IC=1+4

o
.p»
i

D0 < XD D
Cy oM N BT M

[T

RECURSE BY ROUS
DC 666 L=23LEND
Ll=L-1

O

RECURSE BY COLUMNS




fe]

Oy Oy

DL 666 K=2,KEND
Kl1=K~-1
D2{K,11=D{KsL}

CASCADE O
DL 600 1=
I1=1~1

BILINEAR
1

F
2y TEND

IF{YAll( I }gfhjga;o’; aGRa

D2 {KeI) = XALL{I}*

- +XALZ2{1}%*
- ~XB21{1)*
- ~-XB22 {1}
GO 10 &40
200 X21Ks1) = XA11{1)}*
- +XAL2{1}x
- —~XB21{1})*
- ~XB12{1)=*
- —XB22 (1}
Y2{KeT) = ¥YALl4I)*
- +YALZ2{T)*
- ~YB21{I}*
- ~¥Biz2{1}#*
- ~YB22 {I}=*
D2{Ks1} = Xalltij=
- +XAZI{T )%
- +XAL2{1)=*
- +XAZ22(1)%*
- ~XB21{I}=
- -XB22{1}1%*

630 CONTINUE

DIK,L)=D21K, IEND)
606 CONTINUE

DO 660 K=24.KEND

DI{K,1)=D2{K,1]}

DO &64 1=2,1END

DI{K.1}=D2{K,1)

Xl(K9I}=X2§K91)
660G Y1{K,1)=Y2{K,1}
666 CUNTINUE

FILTERS

YB1Z2{13}sNE.OC

03}

DZAK s TL3+XA21(13%
LUK sTI1)+XA22(1 )%

D2iK1l,.1
C1{Kl,1

I-XB1211}*
]

D2{K I1)+XA21{1}%*
DL{R 11+XA22{1)=*

X2{K1,1
XI{K 41
X1 iK1l

J+YB21{1)*
3+YB1I2{1) %
J+YB22{1)x*

D2{K »I113#YAZI(I )=
DLA{K 2 I1)#vA22{1}*

X21K1 .1
X1IK 41
X1{K1,1
XZiK 51
K2{K1,1
ALK 51
X1{Kl 1
D2{K1,1
DI{KL,1

J~XB21{1}*
I=XB12{1)*
1-XB221{1)*
PEYALL{T )%
J+YA21{T %
IEYALZ2{1 )%
I+YAZ2{T )%
J-XBL12{1 )
}

CALL ROTAT {(DoNXyNY,2,KEND,1)

70% CONTINUE

ITIME=ITIME+L

CALL UTTIME {TIME{L,

ITIMEY)

DETERMINE THE MaXIMUM VALUE

AMXAMP==0,5E 75

GO TO 250

D2{K1,I1)
DLIK1,11}

DI{K 1

}

D2iK1,11)
D1{K1,113}

Y2iKle1
Y1{K 51
Yi{Ki,1

3
)
)

D2{K1,11}
BliKl,113

¥2i{K1l,1
YI{K o1
Y1{K1l,1
¥YZ2{K 51
Y2{K 1,1
¥Y1{K 1
Y1{K1,1
DI{K 1

i W e el

)




-

&y Oy

Ty Y

DO 750 L=2,LEND

DG 750 K=2,KEND

TF{IDIK L) oG T AMXAMPY AMXAMP=D{K,L}
7540 CONTINUE

NORMALTZE
PMAXMA=1./AMXAMP

DC 8060 L=2,LEND

DO 800 K=2Z,KEND
DIK,Ly=D{K, L) *PMAXMA

PRINT

D0 940
LL=L+9

IF{LL.GT.LEND) GO TO 910

IPAGE=IPAGE+]

WRITE{6,60083) IPAGE

WRITE{6,6001) {{D{IsJ),J=LsLL)sI=11,KEND)
WRITE{6,6002) AMXAMP

WRITE( 5, )

ITIME=ITIME+1

CALL UTTIME (TIME{1,ITINF})

L=J11LENE91$

SET UP WORK AREA FOR PLOTTING
IF(INaNELGY GO TO 16
CALL PLTSET (O, 'INDIA INK AND SIZE 3 PEN-NIB PLEASE?,35)
CALL PLOTST{FJOSEP M, [OSTA',14,'FEEDDBUSY)
IN=1
19 CONTINUE
CALL PLFT1X9Y,-3)

CalLL IPRt 22 3
CALL +YSIZE 533}
CaLL sYSIZE 21}
CALL ¢ YSIZE 5,31}
CAaLL 2 YSIZE 5213
CaLL PLET {XSIZE »u5.0 33
CALL PLOT {XSIZE 92}

CALL PLOT (KSI?risYSIZEzv3)

CALL PLOT {XSIZE2:YSIZ£E2+2)

CALL CONTUR [DyNXsNY GETsNUT11sKENDJL,LEND,IPLOT,IPAG,
- XS51ZE.YSIZEsNDEC)

ITIME=ITIMER]

CALL UTTIME (TIME{1,ITINME)})

X=11.40

P, O

GC T4 1

G FORMAT (1252145123
1 FORMAT (8G15.0)

o




LSS

o 0 o v

s,

Gt

N

e}

6010

FORMAT {14G8.3)
FORMAT {117}

FORMAT ('0%,200(10{F12.7,1X)/%G%))
FORMAT(I( 4G15,7)
FORMAT{®19/%0%,*PAGE?,13/%57)
FORMAT(*1%,6006120,/5707))

END

]
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THIS PROGRAM CONVERTS A ONE-DIMENSIONAL CONTINUOUS FILTER INTO A
CIRCULAR TWO~-DIMENSIONAL RECURSIVE DIGITAL FILTER WITH A GIVEN
CUT-0OFF FREQUENLY, IT CALLS THE SUBRDUTINE STABIL 70 CHECK
FOR STABILITY, CALLS THE SUBRDUTINE FRESS TD EVALUATE THE
FREQUENCY RESPONSE, AND CALLS THE SUBROUTINE CONTUR TO DRAW A
CONTOUR MAP OF THE FREQUENCY RESPONSE.

EXTERNAL FRESI

INTEGER TITLEL{15), BLANK/? 3/

REAL MAGRESIOL ,01), PHASER{C1,0113,
- GETIZ9) /01302903 30% 30992690 7928323/

COMPLEX CMPLX, ZEROIL 10}, POLEL{ 103, ZERD, POLEs ALL{123Y
- AY2{120) 5 A21{1203,822{120%), B11{1283, BI2{128), B2141281},
- B22{120)y CO/{0:0+3:0)/7y C1711.050.037y CSHIFT, B

DATA NUJ9/

DATA DEG /57295778 £27 . PI1/7.3141593F 01/, RAD/1745320E-01/7

CALL ERRSET {208,256,~1)

SET THE VALUES CF THE CONSTANTS

IF MODE=1 THE PCLYGONAL HAS A VERTEX ON EACH AXIS
MODE =2

MODE=

IF IPHASE=0 THE TWO-DIMENSICNAL DIGITAL FILTER HAS ZERD-PHASE
RESPONSE BUT THE NUMBER OF STAGES OF THE FILTER IS DUPLICATED
IPHASE=(
IPHASE=1

SHIFT 15 AN STABILIZATION FACTOR
SHIFT‘@’&:

THETA IS THE DIRECTION IN WHICH THE TWO-DIMENSIONAL FILTER WILL
HAVE THE DESIRED CUT-0OFF FREQUENCY
THETA=( o0

IF IWORK«CL THE FREQUENCY RESPONSE IS5 NOT EVALUATED
IF IWDRK<O STABILITY IS NOT CHECKED

THORK=-1

IYWORK={

[END=100

NITMAX=11

Ttﬁ?R"931622?8
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iz READI{S,

TTYDe=.1
FTYDB= .01
IF{IWDRK.LEL-TQ) GI TC 11

INITIALIZE FDOR THE FREQUENCY RESPONSE
NDL=51

IPRINT=1

[ PHRES=D

FSCALE=1,.0

FRIADD=0.0

FRZADD=0,%

INITIALIZE FOR PLOTTING

CALL PLTSET {0,7INDIA INK PLEASE?; 16}
CALL PLOTST({*JOSEP COSTA?,11,3FEEDSG57)
CALL PLOT1Z2:9G+3029~3)

IPAG=1

XSI17E=6.0

YS1ZE=5.U

XST1ZE2=X5172E%0,5

YSTIZEZ2=YSIZE%0.5

IPLOT=D

NREC=14

REAG DATA FILTER CHARACTERISTICS AND PRINT TITLE
READI(D ,5¢ JEND=21 NROTL.NROT2
REAC(5,5000,END=2} CUTOFF, TITLEL
IFICUTCOFFNELZ.0) GO TO 3

END LOF EXECUTICN
IF{IHORK:LE.D} STOP
CALL PLCTND

STCP

G.

READ IN AND PRINT THE POLES AND ZERQOS OF THE CONTINUDUS FILTER

READ(5,5001) M,N
MAXMN=MAXG{ My N)

DO 30 TI=1,MAXMN

POLEL(I19=CO

ZERCI{I1}=CO

WRITE(6,1001) TITLEL

IF({MoFQs0) GO TO 50

READ{5,5002) (ZERDL{I) I=1,M)
WRITE{6,6002) (I,ZEROL{I),I=1,M)
WRITEL6, ,
5002) (POLELLI),I=1,N)
WRITEL696003) (1,POLEL(I) ;1=1,N)
NROT11={NROT1/4 )4

DC 900 NROT=NROT11,NROT2,4
WRITE{&6,1000) TITLEL, CUTOFF, NROT
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DETERMINE THE NUMBER OF FILTERS AND THE ANGLES OF ROTATION

NF=MAXMNENROT
JEND=NROT
DBETA=3260.G/FLOATINROT)
BET A4 oD
IFIMODELFQe1l) BETAD=DBETA/ 2.2
IFUIPHASELEQ.O3 GO TO 53
NF=NF/2

JEND=NROT/2

BETAC=BETAQ+180.0

INITIALIZE THE ITERATION
WRITEL{G6. 6004}

AR=ANGLE 1THETA)

DDD=0. THT1068
ZZ=7ERQOCRA{DDD}

NIT=D

FRD=CUTOFF

ITERATICN BEGINS
DELTAZ=PI*FRD/2.C
DO 600 J=1,JEND
BETA=BETAD+FLOAT {J-1 }4DBETA
SB=SINIBETA%RAD}
CEB=COS{BETA®RAD)

0 DT 650 I=1,MAXMN

K={I-1)Y%JEND+.J
IFINITEQ.D) WRITE(G6,6010) Ky I1,BETA

CALCULATE THE CDEFFICIENTS OF THE FILTER
LERC=CHMPLXIDELTAZ D0 *ZERGI{ 1)
POLE=CMPLX{DELTAZ ,D.03%POLELLT)
IF{1,GT-.M}) GO TGO 118

ALL{K)=CMPLX{ CB-S5B,0.031-ZERD

AL21K) =CMPLX{~-CB~SBy0.0)-ZERO

ALK} =CMPLX{ CB+5B,0.0)-LERD

A2 (K =LMFLX{-CB+5R 0.0 )-2ZERD

GO TO 115

ALTIKI=C1
A12{K}=A11{X)
AZT{K}=A12{K]}

A22{K) =A211K)
IF{l6TN) GO TC 117
Bl1{K})=CHPLX{ CB-35B,
B124K)=CMPLX{-CB~58,
B21{K)=CMPLX{ CR+58,
BR22IK1=CMPLX{~-CB+5B,0.8
GG TC 140

B811{K}=C1

D.03-POLE
20 1=-POLE

o
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B12{Ki=811{K}

R21{K}=8B12{K)

B22{K)=821{K)
IFIABS{SB)-GT,8-01745) 60 TO 145
A1 (K)=CD

B21{K)=A211{K}

GO 7O 158

IF1ABS{CR}6TL-01745) GO TC 400
A1ZIKI=(C

Biz{K)I=A121K)

A22{K)=CH

B22{K})=A22{K)

IF{SEIFT.EQ.D.C) GO TO 5G0
CSHIFT=CMPLX{SHIFT D0}
BIUKI=B11{K)+CSHIFTHB12{K)}
B21{K)=B21{K)+CSHIFT*B22{K)}
AZIIKI=A21{K)+CSHIFT*A22{K)
ALTLIK)=ALI{K}+CSHIFT*AL2(K)

NMORMALIZE WITH RESPECT TO B1l{K}
B=B11{X)

IF{REALI{B)=EQs10 oANDs AIMAG{B)-EQ.0.0) GO TC &64¢
ALLI{KI=A11{K}/B

AlZ{KI=A1Z2{(K}/B

AZ1I{K)=A21{K}/B

AZ2{K}=A22{K}/8B

BLI{K)=B11{K} /B

B12{K}=812{K}/B

BZ2I{K)=B21{K} /8

B22{K}=822{K}/B

CONTINUE

IF{NITLEQ-0Y WRITE(6,6011)
MIT=NIT+1

CHECK THE CUTOFF FREQUENCY
FF=FRESIN {(A11,A215A12,A22,B11,821,B12,B22,NF)

CALL RTMI (FRC,FRESy FRESL4XLIsXRI,EPS,IEND, [ER)
TF(IER.NEoO) WRITE(6,6012) IER

DF=CUTOFF-FRC

FRD=FRD+CUTOFF ~FRC

WRITE(6,6015) NIT,CUTOFF,FRC,DF 4FRD,FRES

IF{ABS (DF )oGEo ABS (DFMAX) oANDs NIToLToNITMAX) 6O TO 55

END OF ITERATION

IFINIT-GENITMAX) WRITE{H,6012) NITMAX
LI=7ERCCR{L 1)

AA=ANGLE{D-T)

DETERMINE AND PRINT THE SHAPE FACTORS
S1=SHAPEL{L.0+0.051
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SZ=SHAPEL (8.1 41
S3=SHAPEL{45.
SA=SHAPEL (45,0406 15
WRITE{&,6201) 51952 S3 954
S1I=SHAPE2{D.0, TENDB)
S2=SHAPEZ{U.U,TTYDB)
S3=SHAPE2{D.0,FTYDB]
S4=SHAPEZ2{45.0, TENDB)
S5=SHAPEZ2(45,0,TTYDR)
SE=0HAPE2{45,0,FTYDB}
WRITELH,6282) 514525535 54,55,56
S3=SHAPE3145)

S4=SHAPE4{45,5()

HRITE{696234) S34554

i

C % PRINT AND PUNCH THE COEFFICIENTS OF THE FILTER
WRITE{G6s 8610
WRITE{G6,6118)
WRITE(G,861113 (K ALTIKIsAZLIKI»ALZ2{K) sA22{K) s K=],NF}
WRITEL6,6100
WRITE{6,6120
WRITE{G,6111) (KsB11TK)$B21{K}B1Z2IK)B22{K} s K=1,NF)
WRITEL7.5003) TITLELs CUTOFFs NROT
WRITE{7:5601) {ALLIK)AZ21IK)yR1I2{K)}A22{K),K=1,NF)
WRITEL 7560407
WRITELT7+5601) {(BI1I{K}IsR21{K)sB12{K}B22{K)3K=1,NF)
IFIIHORK. LT3 GO TO 744

&y O

% CHECK FOR STABILITY
ISTAB=0
CALL STABIL {B11,R214B12,822,NF,ISTAB)
700 IF(IWORK.LESO) GO TO 900

¢y O

*  EVALUATE THE FREQUENCY RESPONSE
CALL FRESE {(A11,A21,A812,A22,811,821,812,B822,NF,MAGRES,
- PHASERSNDL,, IPRINT,IPHRES yFSCALE, FR1IADD,FR2ADD)

oy O

¥  SET UP WORK AREA FOR PLOTTING
CALL PLCT {G.0 PREPSS 22 )
CALL PLOT { s YSIZE 5 3)
CALL PLOT yYSIZE 5423
CALL PLCT iXQIZF +YSIZE 531}
CALL PLOT {(XSIZE ¥SIZIE +23}
CALL PLOT AXSIZE +4.0 23]

ALL PLDT (XSIZE 44,0 92)

CALL PLOT {XST1ZEZ2, YSIZEZ,?)

CALL PLOT {ASIZE2,YS1IE2452)

C
C * PLLCT A CONTOUR MAP OF THE MAGNITUDE RESPONSE

CALL CCONTUR {MAGRES,NDL NDLGET ¢MJ31,NDLsO1,NDL, IPLOT, IPAG,




~ XSI1ZE3¥YSIZESNDEC)
CALL PLOT{11.0:000,-3)

900 CONTINUE
GC TC 1

FORMATI V13 / 907 31584, 55X *CUTOFF =9 ,F 535X, TNROT=? 12577 75
132{7_%3:/570%)

FORMATI{F1%,1504,/%-7)

FORMAT(GE0+10A4,A2)

FORMAT {3121

FORMAT {2G40,01

FORMATIISA4, "CUTOFF=9,F5:. 34737, INROT=3,12})

3 FORMAT{ZX ,78{"%7}))

5601 FORMAT{BF 10,7}

2 FORMAT (*0Y, "ZERD {7,125%) = {13616.749% 973616757} 7)
6003 FORMAT {709, 'POLE {1,1257) = {*,51l6.75%s 9616757} 7)
6G04 FORMAT('G?, Y TWO=-DIM FILTER #7,10X,0ONE-DIM FILTER #%,10X, "ROTATION

~ {DEGREESH)

110 FOBMAT{'0%,:13%:13:23%X913317XsF180,.3)

6011 FORMATI T 124 9NIT 210X "CUTOFF? 319X *FRET L, 18X ¥ DF? 416X *FRD?,
- }.f;Xg’FRES“v/gq{ﬁg)

HE012 FORMAT(Y 9,%%%%x ERROR %% VALUE OF TER OR NIT IS 7,13}

HO15 FORMATI? 1,13,5{8X G167} /98007

610G FORMAT (¥11/% 1,9COMPLEX COEFFICIENTS OF THE CASCADE OF ROTATED FI
~LTERS, *)

5115 FORMAT {707, 7A) COEFFICIENTS OF THE NUMERATOR:'/107,
SUX o T 2K P LAX, TALLY 14X, P1 Ty 14Xy TAZLY S 14X, T] T, 14X, TAL127, 14X,
S 14X, TA22T/ V413200 1)/ 1 P 4X,407 11 ,31X) )

6111 FORMAT { D1, T252Xs 401 ] 13615, 79 1XsG150T) /7 14X 41017 ,31X)/))

6120 FORMAT ('07,78) COEFFICIENTS OF THE DENOMINATOR:'/1GY,
I Xy THI 2N P Py 14X, TB1L Y 314K 717 314X PB21% 414X, % 17 414X57B127% 314X,
=11 14X, IB220 /849, 1320 % 1} /% 54X, 40017 ,31X))

6201 FORMAT{®=3/%=1, ISHAPEI=4,4{G1H,Ts 4X})}

L2002 FORMAT{ID®, ISHAPE?=,:6{G1Ha 754X} )

£234 FORMATL{I0Y (ISHAPER=1 G156, T4/ 707, *SHAPE4=?;G16,7)

END
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SUBROUTINE ROTAT {AsNX NY M1, M2,1C)

THIS SUBRCUTINE ROTATES AN SQUARE SUBMATRIX 0OF A MATRIX RY O, 90,
1803, OR 270 DEGREES ACLCORDING TO THE valyeE DF 1€, THE ROTATION IS
CLOCKWISE WITH RESPECT 70O THE STORING POSITION OF THE MATRIX IN
THE COMPUTER, THE PRINCIPAL DIAGONAL OF THE SQUARE SUBMATRIX IS
DEFINED BY A{M1,M1) AND A{M2,M2},

IF
IF

IF

IF

ROTATE BY 0§
ROTATE BY 90
ROTATE BY 180
ROTATE BY 270

i)

o P g P
ey OO
I I LI
R M
DEOHO®
e I iy
T T

(N b g
o T
Wy LW L

o

DIMENSICN AINX,NY)
IRCT=TABS{MODTIC.41))
Miz=Ml+M2

MED={M12-1}/2

DG 640 I=M1.MED
INO=M]12-1

JNG=IND~-1

DO 600 J=1,3N0

NJ=M12~-.]

AT=A1{1,.4)

GO TO (946,180,270, IROT
RETURN

A(Ie,‘i)zA(MJ;H
A{NIs I 3=A{ INDsNJ}
A{IND,NJI=AL{J, IND)
A{JsIND}=AT

GG TC 5
A(Ivd}zﬁ(INﬂfﬁd)
ALIND,NI)=AT
AT=a{.Js IND)
A{JsINDI=A{NG,T)
A{NJI,T)=AT

GO TO &40

Al sJ1=A0J9IND}
A{JsINDI=A{IND NI}
ATINT NI I=AINI, I}
AN I¥=AT
CONTINUE

RETURN

END
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SUBROUTINE CONTUR JMC 1973 0424 1537

THIS SUBROUTINE IS A MOODIFICATION OF THE SUBRDUTINE CNTOUR OF
THE WATSLIB LIBRARY, USEABLE WITH THE UNIVYERSITY CF TORDNTO
CCMPUTER CENTRE CALCOMP PLOTTING SYSTEM,

PURPOSE

CONTOURING BY INTERPOLATION 0F DATA IN A MATRIX., GIVEN A MATRIX
CONTAINING DATA, THIS PROGRAMME YILL DRAW A CONTQUR BRY
INTERPOLATING  THE APPROXIMATE LOCATION FROM  THE LOCATION OF
THE DATA IN THE MATRIXo A GRID OF FODUR  POINTS IS USED 7O
APPROXIMATE A LOCATION OR LOCATIONS IF THE CONTOUR EXISTS IN THE
REGION, THE PRCGRAMME CONTINUES THE SEARCH UNTIL EITHER THE
LIMITS OF THE MATRIX OR THE LIMITS OF THE AREA WITHIN THE MATRIX
CONSTRAINED B8Y THE USER ARE REACHED,

TC USE
THE USER MUST PREPARE A HMAINLINE PROGRAMME WRITTEN ACCORDING 70O
FORTRAN IV SPECIFICATIONS wWHICH CONTAINS AT LEAST THE FOLLDWING:

{11 MENSTION GETINUYs AINXsNY)
GET - AN ARRAY OF LENGTH NU  CONTAINING THE CONTOUR
VALUES,
A — A MATRIX NX BY NY COMTAIMING THE DATA.

{2} CALL PLOTSTINAME,NCHARZLCODE)
NAME - STRINMG OF UP 7O 16 ALPHANUMERIC CHARACTERS
SPECIFYING THE USER®™S NAME 70O APPEAR ON THE

PLOTTED QUTPUT.

NCHAR — NUMBER OF CHARACTERS IN NAME, NO MDRE THAN 16
CHARACTERS WILL BE PLOTTED,
CODE -~ STRING OF 7 CHARACTERS SPECIFYING THE USER?®S

AUTHORIZATICON CODE {LETTERS FIRSTIs
EXAMPLE CALL PLOTST (®J0SEP M, COSTA® 14, °CALL9T73Y)

{3} CALL CONTUR (AsNXsNYsGET N3 115125315025, IPLOTIPAGsXSTIZE,
YSIZESNDEC)

i1 - FIRST RQ% TO START CONTODURING IN THE MATRIX.
I2 ~ LAST ROW TO FINISH CONTOURING IN THE MATRIX.
41 - FIRST COLUMN TO START CONTDURING  IN THE MATRIX.
J2z ~ LAST COLUMN TO FINISH CONTOURING IN THE MATRIX.
IPLOT=0 - A LINE IS DRAWN BETWEEN EACH PAIR OF CONSECUTIVE
POINTS,
= - + IS5 DRAMN AT EACH POINT.

i

o
O U N e
|

X IS DRAWN AT FACH POINT.
* 15 DRAWN AT EACH POINT.
& IS DRAWN AT EACH POINT.
| 1S DRAWN AT EACH POINT,
- A Y IS DRAWN AT EACH POINT.

¥
T P I I oTw

o




TN I OISO DO NI YOO SOOI YOI I Ty YYD O Y DY e

=7 ~ NO PLOT.
>7 ~ A SYMBOL SPECIFIED BY IPLOT AND THE INTEGER CODE
OF THE IRM 364 SYMBOL ROUTINE IS DRAWN AT CACH
POINT,
<0 = A LINE IS DRAWN BETWEEN FACH PAIR OF CONSECUTIVE
POINTS AND THE SYMBOL CORRESPONDING TO | IPLDTI
IS DRAWN AT EACH POINT,
NO PRINTED OUTPUT,.
PRINTED DUTPUT,
THE CONTOQUR VALUE IS DRAWN ON CONTOUR AND ONE OF
THE ABOVE CONDITIONS STILL DCCURS,
XS1ZE - DIMENSIONS 0OF THE PLOTTING AREA IN INCHES.
¥S517& - IF BOTH XS5IZE AND VYSIZE ARE POSITIVE THESE
DIMENSIONS CORRESPOND  TO THE AREA OCCUPIED BY
THE MATRIX A
- IF EITHER XSIZE DR YSIZE 15 NEGATIVE THESE
DIMENMSIONS CORRESPOND TO THE AREA CONSTRAINED BY
THE USER AND LIMITED BY {Il:J1) AND {12,42)»
CONTROLS THE PRECISION OF THE CONTOUR VALUES FOR
LABELL ING, IF INDECI>9 THE CONTOUR IS NOT
LABELLED,
>C - NUMBER OF DIGITS TO THE RIGHY 0OF THE DECIMAL
POINTS IN  THE COMTOUR  VALUES THAT ARE 7O BE
PLOTTED WHEN LABELLING, AFTER PROPER ROUNMDING,
=1 - ONLY THE INTEGER PORTION OF THE CONTOUR VALUES
AND A DECIMAL POINT ARE PLOTTEDs AFTER ROUNDING,
==1 = ONLY THE INTEGER PORTION OF THE CONTOUR VALUES
IS PLOTTED, AFTER ROUNDING,
<~1 - INDEC}-1 DIGITS ARE TRUNCATED FROM THE INTEGER
PORTION AFTER ROUNDING,

il
§

IPAG=]

¥

ANl
[N}
it

NDEC

{

{4) CALL PLOTND
THIS CALL CLOSES THE PLCTTER OQUTPUT DATA SET  AND  PRODUCES
CLOSING LABELS CONTAINING INFORMATION ABDUT THE AMOUNT OF
DATA WRITTEN AND THE APPROXIMATE TIME REQUIRED FOR PLOTTING

REMARKS
PROGRAMMES CALLING CONTUR USE THE CALCOMP PLOTTER SYSTEM UNLESS
IPLOT=7 AND CALLS TOQ THE PLOTST AND PLOTND ROUTINES ARE REMOVED
FRCM THE MAINLINE PROGRAMMES

REFERENCES
=SUBRCUTINE CNTOUR, WATSLIB LIBRARY,
-CALCOMP, SECTICN 33,7500, USERBGOK, UTCC, TORONTO,.

SUBROUTINE CONTUR {AsNXsNY ¢GETsNU»I115129J15J2
- IPLOT,IPAGsXSTIZESYSIZESNDEC])

DIMENSION A{NX NY),GETINUI s X{E) Y6}, MODEST T, NUML4AT) ,CHAR{ 3},
- XIN{S),YIN{G}
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EQUIVALENCE (X XIN)y {(YsYIN)
DATA MODES/3+%431151913,9:0/,DEG/.5729577E G2/

INITIALIZE FOR LABELLING
ISUM=1

I NUE=(

ICHECK=D

IF{IPAGLGT.C) G0 7O 3
INUM=1

IF{IABSINCEC)CTo9) INUM=(
ITF{INUMEQsD) GO TGO 3

D0 1 IA=1,NU

NUM{ 1A }=0

NMITIALIZE FOR PRINTING AND PLOTTING
IPAGE=TABS{IPAG)
NPLOT=IABS{IPLCT)
IFINPLOTEQaTYIPAGE=2
IF{IPAGE.EQa2} PRINT 1008
IF{NPLOTEQeDDRNPLDTLEQsT) 6O TO 5
MODE=NPLDT
IF{MODE.GT,T7} MCODE=
MODES{7i=NPLOT

DETERMINATION OF THE PLOTTING SCALES
XS=ABS{XSIZE)}

YS=ABS{YSIZE)

ITF{XSIZELLEsD-0 o0Re YSIZEoLELDLU) GO TO 8
XSCALE=FLOATINX-13}/XS
YSCALE=FLOATI{NY-13/Y5

XSCALE=FLCAT{IZ2~-11) /RS
YSCALE=FLOAT{42-J13/YS
XADD=FLCAT{-11+13}/X5CALE
YADD=FLOAT{-J1+13/YSCALE
I1Pl=11+1

JzMl=J2-1

TESTING BY ROWS

DC 600 I=11P1,I2
IF{INUMEQo1) ICHECK=TCHECK+]
FI=1-1

FIl=FI-1

TESTING BY COLUMNS
DC 600 J=J1,J2M1
Fd=J-1

Fdl=J

.15
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Al J=24{1,3)
A11d=A(1-1,3)
ATdI=A{I,J+1]}
AILJLI=A{I-1,4%1)

TESTING THE CONTOUR LEVELS
DC » NN=1,NU
CL= bFT(RﬁQ

TESTING ONE ELEMENT OF THE GRID

N=§

IS=4
TF{AI1JaLlTCLoANDATLILI.GELCLIGOTRZS
IF{AILJoGEsCLoAND,ATIJ1LT.CLIGOTOZS
GUTO3S

N=N+1

X{N)=F11
YAINI={AT1J-CL}/TAILI-ATLI1}+F]
I5=15+1

IF{ATL o LT CLoAND AT JGE.CLYIGOTO3S
IF{ATILJeCEoCL o AND A TJLLT,CL)IGOTA3S
GOTO40

N=N+1

YINI=FJ

XINI={ATLJ=CL)/ (ATLJ=ATJ)+FI1
1S=15+2

TF{ATSolTolL o ANCoATJ1GESCLIGOTO4S

IF{AT JaCELCLANDATIL LT, CLIGOTOSS
GOTREC

=N+1

XiN)=F1

YANY={AIJ-CLI/{ATJ=-ATJLI+FJ
TF1A11J1.LT-CL-AND,ATI16E-CLIGOTOSS
IF{ATL JLloGEo L ANDo AT JL LT CLIGOTOSS
GUTOED

Na=N+]1

Y{N}=FJ1
XKANI={ATLJI-CLY/{AIYJi-ATJ13+F]1
1S5=15+4

DL= Iﬁild+ﬁid+ﬁilJ1+Plél}

ITF{N=-2}81 24

DETERMINE THE LCCATICN OF THE CONTODUR IN THE
{ =3
GO TO (934+8B%,70,88,75:100%), IS

DY=1.0
AL=8114~CC

GRID {3 POINTS)

.16
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GCTCLES
W=F11
DX=1a0
7=FJ1
DY==1.0
AL=AT11J1-DC
GCTC1D5
7=FJ1
DY=-1.0
W=FI
DX==1.C
Al=A1J1-DC
GCTCL1ES
W=F1
DA=—1,0
Z=FJ

BY=1.0
Al=aT14-0C
GCTCLG5
IF(AT1J.EQ.CLIGOTOSRS
IF{ATSL1.EQ-CLIGOTOTS

IF{ATLIJLEQ-CLIGETOBE

IF{ATJLEQCLIGDTOTL
A{3)=X1{2)
¥Y{3¥1=Y{2)
# SF{XL LI+ X{3))
Y{2)=0.5%{Y{1)+¥Y{31}}
GG 70 155
IF{ATIJ.EQ.CLIGOTOTE
IF{ATJ1.EQ.CLIGOTOSBS

IF{AT1J1.EQ.CLIGOTOTE

IF{ATJ-EQ.CL)IGODTOSE
GOTESS

V=0 5% { AL #DC-CL} /AL
Y{3)=Y{2)

K{3)=X{2)

X2 1=VRDX+4
Y{2)=v*DY+Z

GO 7L 155

DETERMINE THE LOCATIONS OF THE

LX=6

IFIATLIJ-CL}125,5,130,145

IF{DC-CL)135,130,130

V= 5% (AT1J-CLY /TATLS-DCY

X{63=X{4}
Y{6)=Y1{4)
X{4)=X{3}
Yi4)=Y13)
X133=X{2)

CONTOUR IN THE GRID {& POINTS)

.
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Y{2}=¥{2}
X{2i=V+Fil
Y{2)=V+FJ
V=0 5% {ATII-CLY/7{ATJI-DLY
X1S)=y+F1l
Yi{3)=V+FJ1
GO TO 155
IF{aty-CLYS
IF(ATLIL-CL) L] {
IF{DC~- LL314“51“f§15f
Ve=d,5%(A11J1-CLY/ {AT141-DC)
X{6)1=X{2}
Y{61=Y{2}
XT=X1{3)
¥YT=Y1{3}
A{3¥=X{4)
Y{2}=Y {4}
X{4)=%XT
Y{4)y=YT
X{2¥=V+F11
Y{Z2}=Fd1l=-V
V=0 5% {ATJ-CL Y}/ {ATI=DC)
X{5)=V+F1

Y{B}=FJ=-V

GUTPUT

IPMD=3

BO 165 IA=1514X
IF{IPAGEL.NEL2) GO TC 1
IF{IA-EQe3) WRITE{S,1 CLa{XLIY) s Y41Y)IY=1,3)
IF{IA=EQaE) WRITE{SH,1001) CLyIXTIY)oY{IY)sIVY=4,6)
XKINCIAY=X{IA) /XSCALE+XALD
YIN{IAI=Y{TAY/YSCALE+YADD

IFLIPLOTGTL0) G2 TO 161

IF({IA-EQo4) IPMD=3

CALL PLOT {(XIN{IA},YIN{IA),IPMD)

ITF({IPLCT-EG.D} GL TL 165
IFINPLOTLEG. 7Y GU TO 165

CALL SYMBOL {XIN{IA},YIN{IA}D
[PMD=2

IFILX.EQ-6) GO T2 64¢

ST MODES{MODE) s0.0,-11

LARE LL{RT THE CONTCOUR
IFTINUMSNES 1) G0 TO 605
K?(ICHECKaLEQS oORe NUMINNI}-EQ.1) 60 TO 6437
AINL=XIN{1)}

TF{XINI 22l T XINIIIIXINL=XIN{2)

YINL=YIN{1]

IFAYIN{Z2 o LT YINILY I YINL=YIN{2)
AN=ATANZL{YIN{(1)=-YIN{(2) s XIN{1}-XIN{2]}}




G.19

IF{3,141599-ABS{AN}LT-0-.0001) AN=0.5
AN=AN®DEG
IF{ARS{AN}GT50,0) AN=AN+1BO.0
XINL=XINL+G,02
YINL=YINL+G, 02
ISIGN=1
TF{CLaLToD) ISIGN=2
NCINT=INT{ALOGIC{ABS{CL)})+1
IFINCINT LT 1) NCINT=0
LE=NCINT+NDECH+ISIGN
HEIGHT=0,07
ACOORD=XINL+FLOAT{LL }/XSCALE®COS{AN) #HEIGHTHHEIGHT
YCOURD=YINL+FLCATILLI/YSCALEXS IN{ANISHHETIGHT +HEIGHT
TFIXCO0ORDGT o X5 s ORs XCOORD LT 8 » ORa
- YCOCRDGToYS 2 OR s, YCODRDeLT20.0 y GD 10 608
ITF{IPAGELERe2) WRITELSL,1082) CL, AN
MUM{NN)=1
I5UM=ISUMe+L
IF{ISUMGTNUY INUM=D
IFINPLOT.ERQ-T) GO TO 500
CALL NUMBER {XINL,,YINLyHEEIGHTCL;;AN,NDEC)
ICHECK={
CONTINUE
RETURN
FORMAT{ P19, 1X s *CONTOUR VALUE? 215X 3{1HX 12X 1HY,12X13//)
)
8

1 FORMAT{1XsG1l2:.5:104:6{1X,6G12,5)
22 FORMAT {7% ¥,255> CONTCUR LABEL
-ANGLE GF ',F8,3)

END

frod ol paasd

1 G12.5,% WILL BE DRAWN HERE AT AN
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FUNCTICN FRESIN (A11,A214A12,822,B811,821,812,B22,NF)

THIS FUNCTION CALCULATES THE MAGNITUDE RESPONSE AT A POINT
GIVEN IN CARTESIAN COUORDINATES OR IN POLAR COORDINATES
FRESIN SUPLIES THE FILTER COCFFICIENTS AND DETERMIMES
THE NORMALIZATION FACTOR FOR A PEAK RESPONSE OF 1.0
LOGICAL IN
COMPLEX CMPLX,CEXPSALLIINFIA2LINF) JALZ2{NF}A22{NF},
- BLLINF),B21{NF),RL12{NF),B22{NF),
- EE1Z2,EE21 4EE22,4,F2
DATA P1/7,3141593E 41/ RAD/.1745329E~01/
IN=FALSE,
EE21={120sUs13)
ERE12=EEZ2]
EE22=EEL2
DELTA=C.0
UNE=1,0
G 1€ 5
CARTESIAN CODORDINATES
ENTRY FRESG {FR1,FRZ)
PIFRI=PI®FR]
PIFRZ2=PI%FrR2
GC T &
POLAR COORDIMNATES
ENTRY ANGLE{THETA)
PICT=PI®CCS{THETA®RAD}
PIST=PI*SIN{THETA%RAD)
ANGLE=THETA
RETURN
ENTRY FRES1 (RFR)
PIFRL=PICT*RFR
PIFR2=PIST%RFR
FER21=CEXP{CMPLX[S.0,PIFRL})
EEL2=CEXPICMPLX{D.D,PIFR2)}
ﬁEZZ_r?XPiCMpLX(?a?yPIFP1+P§FR23)
2={1o0s0.0}
DC £ K=1,NF
FReb2e{ATI{K I +AZ1I{KIREE21#AL 2 {KIHFEEL2+A22{K) *EE22 )}/
- (BI1I{KJ+B2U{KI*EE2I+BI2{K )} *EE124B22{K )} *EE22}
- /il 6;191;9’1;3
IN CASE OF OVERFLOW MAKE EFFECTIVE THE SCALING
DPERATION INDICATED IN COMMENT C1 ABOVE

FRESO={CABS{F2)*UNE}-DELTA
FRES1=FRESD

G.20
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IF{INY RETURYD
IN=sTRUES
UNE=1.G/FREST
FRES IN=UNE

ENTRY ZERCCR IS5 USED IN CONJUNTION WITH SUBROUTINE RTMI
ENTRY ZERQCR (DDD)

DELTA=D0D
LERCCR
RETURN
END




SUBRCUTINE RTMI
REFERENCE:

IBM APPLICATICN PROGRAM

SCIENMTIFIC SUBROUTINE PACKAGE
{360A-CM-03X) VERSION III

APPLICATICN DESCRIPTION

SIXTH EDITIOCN {I8M FORM N, HZL-0166-5)
PAGES 217-219%9,
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FUNCTION SHAPEL (THETA,DELTA)

THIS SUBPROGRAM CALCULATES FOUR DIFFERENT SHAPE FACTORS OF THE

MAGNITUDE RESPONSE OF A TWO-DIMENSIONAL DIGITAL FILTER,

GUADRANTAL SYMMETRY OF THE MAGNITUDE RQESPONSE OF THE FILTER

15 ASSUMED,

NeoBo, BEFORE CALLING ANY OF THE FUNCTIONS IM THIS SURPROGRAM
THE COEFFICIENTS OF THE TWO-DIMENSIONAL DIGITAL FILTER
MUST BE SUPPLIED BY CALUING THE FUNCTICN FRESIN,

EATERNAL FRES]
DATA CUTCFF
EPS/.000¢
AA=ANGLEA{THETA}
ZZ LERCCR{AAL)
CALL RTMI
TF{IERoNE of
LI=1ERCCRILG
FR=FRC+DELTA
AAZ=FRESL (FR)
SHAPEI=20, 0%ALOGIOLAAL/AA2)
RETURN

17+ IEND/10D0 PI/-3141593F 41/

o)

EMTRY SHAPEZ {THETALB882)
AA=ANGLE{THETA)

I7=7ERGCR{AAL)
CALL RTMI {FRC,FRES,FRESTI s XLIXRILZEPSL,IEND,IER)
TF{IERNELG) HWRITE{G6:60U01) IER

IZ1=1FERCLCRIBB2)
CALL RTMI {FR,FRES,FRES
TF{IERNE-D) HWRITE(H,6000
SHAPE2=FR~-FR(

RETURN

3
i
34

XLIsXRI JEPS;IENDSIER)
] IER

L
i

ENTRY SHAPEZ {INUM}

IZ=7ERGCR{AAL}

THETAD=PI/FLOAT{INUM+IRNUM)

SHAPE3={. D

00 3 I=15INUM

THETAI=THETAD®{FLOAT{I1})~0:.5)
AR=ANGLE{THETAIL)

CALL RTMI {FRC,FRES, FRES1 XL I XRIEPS,IEND,IER}
IF{TER.NELDO) WRITE{&,6000) IER
V2=CUTOFF+ABSTICUTOFF—FRD)
SHAPEZ=V2%V2+SHAPER

SHAPEZ={ SHAPER/FLOAT({INUMI-CUTOFFxCUTOFF}®PI
RETURN

.23

Jol/e ICUT/10/, AAL/.TUT1068/3XL178.07 5 XR1/7:.9999939/,
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ENTRY SHAPES [INUM,IDIV)

MoBo: IDIV SHOULD 8E DIVISIBLE BY 18,

MO A
DOE=0. 0

LI=7EROCR{DDD)
THETAD=PI/FLOATLINUM+INUM)
SHAPES4={,. 0
JOUT=I0IV/ICUT
DO & I=1,INUHM
THETAI=THETAD*{FLOAT{I}~0:5]
AA=ANGLE{THETATL)
DG 5 J=1,.JCU7
SHAPE4={1.,0-FRESI{{FLOAT(J}-053/FLOAT({IDIV} ) IxFLOAT{J+J)-1)+SHAPE4
JCUTI=4CUT+1
DO & J=JCUTL,IDIV
SHAPE4=FRESTI {IFLOATIJ)~0.5)/FLUATL IDIV } ) *FLOAT{J+3-1)+4SHAPEL
SHAPE4=SHAPE4*PI/FLOAT{IDIVXIDIV=INUM)
RETURN
O FORMATUYGT 9> k% ERROR *x% > IN SUBROUTINE SHAPE [ER HAS THE VALU
-F 121
END
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SUBRCUTINE STABIL (B11,B12,B821,822,NF,157A8)

DETERMINES IF A CASCADE 0OF BILINEAR FILTERS IS STABLE

MEANING OF THE ARGUMENT ISTAR:

INPUT: ISTAB>G ONLY THE UNSTABLE FILTERS OF THE CASCADE ARE PR
ISTABKG ONLY THE STABLE FILTERS OF THE CASCADE ARE PR
ISTAB=C ALL THE FILTERS IN THE CASCADE ARE PRINTED

OUTPUT:  ISTAB=1 THE CASCADE OF BILINEAR FILTERS IS STABLE
ISTAB=G AT LEAST ONE FILTER IN THE CASCADE IS UNSTABLE

COMPLEX CMPLX, BL1{NF), BIZINF}s B2LINF), B22{NF), CENTRE,
- CINF/TINFINITY Y/
COMPLEXR®1IS FMTI{S) /P {IHO 11X 2A4,14X% 47 512,15X5%,
- TIH 3515 75 1Hs s61 7375, T3 1H o IX5s615, 77
- T IlXeGLl0eTelXs 9 G157/ 9 FMT23, FMT4, FMTE,
- CENINF/ 112X 2A%91T7Xs% /9y RADINF/P AL 4HNITY ,4X0 /7,
- STAINF/ Y 4X A4, SHANITYY ¥/
DATA AINF/VINFIV/ZSTA/Y STAY/SBLE/BLE /,UNST/IUNSTY /,
- ABLE/SABLE/,QUESTM/ 17 2 1/
EMT3=FNMT{3)
FMT4=FMT{4}
FMTE=F¥T{6)
ISINT=ISTAB
ISTAB=1

0
JINDEX=1
HRITE{6 6040
DO 620 K=1,NF
RM11=CABS{BL11iK}}

BM12=CABS {B12{K})
BM21=CABS{B211{K}}
BM22=CABS{B22{K1}}
[TF{BMLI%BMR2 . NELBMLZ2%BM21) GO 70O 106
IFIBM22.NELGL0) 60 7O 380
TFIBMI2NELD-03 GO TO 65
TF{ABS{BMLL/BMZ21}.LT.1:0) GO TOQ 75
GO 7O 7¢

IF{BM21,NE-D0) GO T3 80
IF(ABSI{BMLIL/BMLI2).GT1.0) GO TO 75
IF{ISINTLGT0) GO TO 158

S51=5TA

52=BLE

GO TO 94

[57A8=0

IFUISINT.GT.43 GO TG 150

S1=UNST




84S , |
52=QUESTH
G0 WRITE(&,S001) S1,. 52,5 K
JINDEX=1
GC TC &
100 IFIBMIZoNEL.BM22) 60 TO 135
CENTRE=CINF
RADIUS=AINF
IINF=1
FHT{3)=CENINF
FMTI4)=RADINF
STABI=%.0
GG TO 125
195 IFI8M1I2.NEsDLU) GO TO 114
CENTRE=B21LIK) /B221K}
GC 1O 128
110 IFi{BM22.NEL.D.T) GI TO 115
CENTRE=BII{K)}/B12{K)
GO TO 128
115 8M12=BM1Z2%xBM12
BM22=BMZ22%BM22
CENTRE={BIZ2{KIRB2I (K J*CMPLX{BM22,0,0)~
- BII{RKIHB22{KI=CMPLA(BMLZ,D,03}/
- {BI2{K ) #B22{KI*CMPLX{BMIZ2-BM22,0,01})
120 RADIUS=CABS{BIL{K}*822{K}-B21{KI1*B12{K})/ABS(BM12-BM22)
STABI=CABS{CENTRE)}-RADIUS
125 IF{3M21.NE.J-0) GO TO 139
TINF=1
FMT{&6)=STAINF
STABZ=AINF
IF{ABS{STABL)-GT-R1Y GO TO 148
GO 7O 137
130 STABZ=CABS{BLLIK}I/BZ21{K}}
135 TF{ABS{STABL)aGToRl SAND, STABZ2.GT.R2) GO TO 140
137 ISTAB=L
IF{ISINTLGT.4) GO TO 154
S1=UNST
S$2=ABLE
GG 7O 145
140 IF{ISINT.LT.2) GC TC 154
S1=574
S2=8BLE
145 WRITE{6.FMT) S1, S2, Ks CENTRE, RADIUS, STABl, STABZ
JINDEX=1
IFITINF.EQ.DGY CGC TO &40
147 1INF=0
FMTL3)=FMT3
FRTI4)=FMT4

H

G
2




FMTLO)=FMTS

JINDEX=0
IF{IINFEQ-1Y GO TO 147
6540 CONTINUE
RETURN
2 FORMAT (¥ 9,304, %%}

FORMAT (%19/7% 910X 'STABILITY? 11X, *FILTER #',23X,°C E N T R EV,
- 16X, TRADIUS? 5 11X ISTABL? 51 IX, STAB2Y /947 510X 9{ 7 _*) 511X,
- BT _ ") 23X 107 _ ) 16Xe BT _ 13 L1X,50% _7),11Xe5(?_*) /% ¥,
- 50X 71 REAL PART » IMAGINARY PART}I?//® 23

SEO1 FORMAT {'07,11Xs2A4514X,12,07X, "MESSAGE: SEE COEFFICIENTS OF THIS
-~FTLTERS ¥)

END
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BILINEAR FILTERS
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BROUTINE F

IS SUBRCUTINE EVALUATES THE FRECUENCY RESPONSE {(MAGNITUDE AND/OR
ASE} OF A TWO-DIMENSIONAL RECURSIVE FILTER
WITH COMPLEX COEFFICIENTS,

AL MAGRES({

MPLEX CMPLX; CEXP,sALL{NF

RESG {A11+212,A21,A22,B11,R12,8B21,B22;NF,;MAGRES,
PHASER yNDL s IPRINTyIPHASESFSCALE,FRIADD, FRZADD)

NDLsNDL) s PHASER{NDL,NDL}, MAXMAG, FR1{(51),

sB2LANFI,B22 (NF)FEL12,
DATA PI/.31415G3E {1/
NELZ2=(NDL/2)+1

L1=NDL2+ND
L=NDLI-1

L2

ONDL=FLOATINDL-1

MA
o0

FRZIN)=FSCALEXFLUAT {N+N-N

Pl
Do

XMAG={,.10
H MN=1yNDL

FRZ=PI®FRZ
& M=1,4NDL

{N)

EE21yEE22,F2

DLLI/DNDL #FRZADD

FRLI(M)=FSCALEXFLCAT (M+#M=NDL1}/ONDL+FR1ADD
PIFRI=PI*FRI{M)
EE12=CEXP{CMPLX{U.0,PIFR2))

£E

EE22=CEXPICMPLX{ O,

£z
bC

21=CEXP{CHM

={1e0s 00}
4 K=1,NF

PLX 4
%9 PI?‘

s PIFR1})

T1+PIFR2 1Y)

4 F2={ATL(KI+AL2{KI*EELI2+A2 L{K) REE2I+A22 (K} *EE22)/
[BI1I(K)+BI2{K}I*EELI24+R21{K )3

3

7

[S %]

(@]

IF
A
60
X M

[IPHASELER.

1) 6o TC 3

GRESIMaN)I=CABS{F2)

i3 5
AG=REALI{FZ

}

YHAG=AIMAGI{F?2)

MAGRES (M, ﬁ) SQRT{
TF{XMAG.NE U

PHASER{My;NI=0.0

GO
oo
PH

DETERMINATION OF THE PFA
TF{MAGRES (M N}Y o GT

Cﬁ

TG %
NTINUE

ACEWI JNI=ATANZIYMAG, XMAG

NTINUE

NJR“&LIZATIUu 7O A& PEAK
GAMXAM=1,0/M

D@
nr

g ﬁzlgNDL
8 =15 NDL
ﬂH%SiH Ni=

AXMAG

MAGRES{M,N)

2HMAXMAG)

)

fEE21+B22{KI¥EER2)%F2

““AG4X”&f+Y%&f*¥VA )
QDQO Yvi‘iheh

K RESPONSE
MAXMAG=MAGRE S{ M, N}

RESPONSE OF 1.4

e g™ A

Big B

MXAM

FRZ2151)

.28

JoAL2INF s A21{NFIAZ2Z2({NF) ,B11{NF),B12{NF

GIVEN AS A CASCADE QF

)




S IFTIPRINTLEQ.C) GO TL 9999

PRINT THE FREQUENCY RESPONSE
ad :

WRITELS,1001) {FRZ{N) N $NZ23) e {(FRIIM), (MAGRESIM,NI,
- N=NNO{s N Yo M=I1,NDL)

WRITE{H,1802) MAXMAG

IF{IPRINTLELD -0R. IPHASELNEL1Y G0 TO 9999

HRITE{6:1003) {FRZ2ZIN)N=NNGD,N2G), {FRIIM)}; [PHASER{M,NI,
- N=NNGG,N2D) s M=1,NDL)

FORMAT (719,57 X, "MAGNITUDE RESPONSET /942 ,57X,18{*_*3)//
- T, TFR2=T 32X 2 {FD. 21X/ 00,1 ERIT/ 147,08
- P 3255 {F5.2717,211{F5,3,1X)/% 1))

FORMAT (7079, "MAXMAG=7,(515,8}

FORMAT [*1°® 59X, PHASE RESPUONSEY/ 749 ,59X,141{7_%})//
- 101 IFR2=1, 2% 21(F502,1X) /907 57 FRI=1/040,1 ___ |1y
- 10, 255{F5,2+71 2, 21F6.3/1 1))

E=4

:i’/

e

G.29
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TABLE V

STABILITY REGIONS FOR ROTATED FILTERS

Transfer function

Location of the poles of the

original

of the one-dimensional filter H{s)
two'ii?igiional L.H.P. R.H.P.
H(z,,2,) 270° < g < 360° 90° < g < 180°
H(zil,zz) 0° <8< 90° | 180° < g < 270°
H(zl,zgl) 180° < g < 270° 0° < g < 90°
H(zil,zgl) 90° < g < 180° | 270° < B < 360°

T.5




T.6

Co®a%he
Gusle
co*sge
Qutahe
Ga*ale
Ca*q8e

vi3d

ga°gue
gotsie
uutg8e
QU*SHye
0o*s e
00562

vidd

Tve6€92°0
£50%0e2*0
IebLSE®0
TYE6ese*0-
£50%0ec* G~
Ive6LG9C° 0~

{CZHINT

0899¢01°0~
S09%180°0~
S899€0T°0~
0899e01°0
S09%18v°0
9899¢€0T1°0

(FAA BT

68%6£59°C~
1112L69°0~
6LY%6£59°0~
68%6£59° (-
1112L69°0~
6L%6€59 °0-

(22g}3d

80229450
1650009°¢
922¢261.9°0
802¢2629°C
1650009*0
92224L9°0

(Zcv)3d

11L2Q02°0
%202411%0
£C99€50°0
1142C0€°0~
YC02ST11*0~
€299 SL 0~

(1YWl

0899¢01°0~
G094 180° 0~
5899¢01°0~
UB99¢01°0C
509%180°0
SBI9e01°0

(CT1v )W

SGZHHCL*0~
g96¢1G61°*0
9E8%049°0
GGeHH0E D~
896€1ST°0
928%(GS9°0

{zid}3y

80224619 °0
1550009°0
Q2228LI*0
B0CCs19 "0
16600090
9222GL9°0

(Z1lvi3y

J¥N914 NI NMOHS ¥31714 3HL 40

IA 374Vl

TE99€50°0
0e0es1I1C
€2Lec0eo
T€99E60 0~
0gles11°0~
£ECLEQOC "0~

(TCYUIWI

G893¢0T1 0~
qQ9% 1800~
9899¢0T 0~
0899¢01°0C
S09%180°C
9899t 01° 0

(TEVIWI

ILHUGIT O
G26e1eT10
HYLEHYHOE® O~
99L%369°0C
SZ6LT4T "0
FoeHwvy et O-

(124913

BUcdsLl9*{
1690009°0
94eeGL9t 0
80225L9°C
1650GUe 0
EX A4V A

t12v)3y

SING 12144300

(TI8INWI

G899 CT ¢
GUOH 180G~
S8IFECT 0~
Gg9geQl=C
QuUIvYT8L°0
5899010

(TIVIWI

70000001

(11w} 3d

BCdGLe U
1S6006970
9e2eeLan
8UJZZGL9% G
1650U29°0
EXA X AN AR

(TIvIdy



T.7

*¥00°99¢
*x00°G6de
+00°G661
*00°g6¢
*#00°%62¢
*uQ*661

vidd

*x00°49¢2
*Lu®see
*JU°G61T
*x00°54¢
*0u*see
004961

viid

8OGTHve*Q
LET000U")~
U0 TH0T 1~
BOGIHvE*0~
LETUUO00
0%0TH0T 1

(Ze¢d) i

C28EEHZ O~
1¢zgose 2~
¥8T1LCGL U~
2esEe%e=o
12280922
%81L08L*0

(XA R

¥2196E% *0-
%el10000°1
G9LEQTH 1~
¥2l96ey (-
¥e1000G°1
SALEQTH 1~

(¢cg) Iy

Ye96L10°T
906L0s82%¢
SUBEYOL T~
%e96LT0°1
906052 ¢
s06eH0L 1~

(Zev)3y

1696521°0~
toy T8l "¢~
cleesuse 1~
1696621°0
6% Te81"¢
<1e2805°1

(ZIg)IW]

CCSEERZ 0~
Tcegluse e~
¥81L08L° O~
CCSEEHT N
12¢280s8¢2°2
YBTLOBL®*O

(CIVIWI

Y6£6926°*1
S60Te81°y
cle9esee~
¥6£6926"1
SSCTEgT Y
c0€9262* 2~

FALRES

YEI6LIOT
906LC52°2
S06E%CL 1~
YEY6LTI0 T
906LDG2"2
SO6EYLUL T~

(2civ)ay

6 3UN914 NI NMOHS ¥31714 L

B

ITA 378vL

c0210L%g
09e1eBTe
5L2TH0%°Q
c0210LY *0~
09¢Tegl g~
QLCT%0y 0~

(T28IWI

A2 A% FAN Y
12280522~
¥8TL08L°0~
CeSELHT 0
leligose ¢
YETLOBL*O

(TSVIWE

2€65996° -
2160€8T "¢~
Lcszegs-1
DESS996 " -
cl60e81° 2~
L2ds2igs®

(129)3y

YEIELIO® T
90610622
SC6EHCL T~
He6LTO 1
2060622
G06e40L* 1~

(Tev)aw

40 SIN3ID144302

(1Td)Wl

C28EEH L0~
1¢d8ngae e~
¥8TL08L*0-
C2heEvZTg
Tadsucee
YLTL08L°0

(1TVIWI

Q00dCuoc*1
QQOCL0Ce 1
02320001

(TTy1)3y

HEQ6L10%1
9061562 ¢
GI6EH0L° 1~
YEI6LTI0°T
9C6L0GE" ¢
SCeevl°T~

(TTv}dy



T.8

00°s1¢
% (0%sle
Gu®sie
x00*6¢c¢e

vidd
Gu*sic
%0U®s¢d
G781t
*00%5¢2¢

viid

£sov0eZ0
Le10000%0~
€50%0e2°0~
LETUOUU O

(228wl
60971800~
12¢8052% 2~
S094%180°0
1¢2806¢°*¢

(CevIWT

11124690~
£ 10000°T
11124690~
%e10000°T

(2¢g) I
15650009°0
206L06¢" 2
1660009°0
906L06¢"°¢

(2¢v)3y

o1

%202ST11°0
€64 T1E6T "€~
$202611°0~
g6y TEBT ¢

(214wl
$09%180°0-
12280522~
509 180%0
122805272

(CIVIWI

896€161°0
SS01E8T1°%
896 151°0
SE0TE8T"Y
(218)3y
16600C9°*0
906L0%2°2
155C0C9° ¢
906L0s2°¢C

(2¢1v)3y

ITIA 378Vl

0c02s11°0
09¢clegl e
0EQCaTT "0~
09ele8I°€~

(1C9)IWI
$09% 1800~
122806¢°2-
G09%180°0
1cegsogee

(TZVIWI

GC6ETST°0
cl60E8L ¢~
5¢6£191°0
2160ey1*Z~

(124} 3y
16500090
906L06¢°¢
1650039 °C
9G6L0se" ¢

(1zv)3ay

3ANII3 NI NMOHS ¥3L11I4 3IHL 30 SINIIDI44309

(IT9)W1

QOIv1gC 0~
1228052°¢~
S09%I8C 0
12éBuGe"e

(TIVIWI

0000900°1
JuocuRotl
aéGoclort
0000000°1

(11814
16500090
9ublosene
1590009°0
Qb LGGE* L

{11v)3y



T.9

0s*Lee
06262
*CG*LYye
%06 *2ue
G5*LEE
us *2ec
¥0UG*LYe
*06°é0¢

vidg

0s*lte
056
®0UG*L %2
UG * 202
0 *lee
05°¢c6e
*UG *Lb2
*U§q°20¢

vidd

€092evZ°0
6092e%2 0
leev08e*G
S4568065° 1~
LQ9ceHve 0~
609<cev "0~
Teev08E°0~
G8SH066T

{ccalil
16UL60° 0~

816Ce60° 0~
BSLYT16e°0~

1L6L695% 1~

9160L60"0
8160€60°0
8514160
1L6169%°1

A 22vInl

9GL0HL9 0~
e020%L9°C~
¥s210e"C~
€l98%8Z* 1~
90c0%L9*C~
EGZiHLO L~
%652l 0e*C-
€l9gHh8e 1~

{2ey) 3y

86190%9*C
90290%9*(C
£06L4Ge"1
Cee6011% 2~
§6190%9°G
90290%3°0
£06L102*°1
(A3 A 1VE @ A

{2evyda

LGT02L1%0
16421200
68006920~
£E86.6TL g~
LO102L1 G-
16%2T1L0°0~
6BLO69C"0
eE69L5T14°%¢

(CTHIWE

9160E60°0~
8160c60* 0~
86.%15e*0~-
1L6L69%° 1~
2160660
8160€60°0
8sly1s¢e°0
1LaL69%"1

(CTVIWE

c6gLesT 0~
82696060
SSlerde*l
e105006% -
¢60LEST "0~
82696060
G6LeHdot1
€108 006° 2~

(21¢)3y

8619049 *0
90¢9049°0
E06LL02°1
CSELOTT *2~
B6190%9"0
90290490
€06LL02°1
25t 60112~

(21v)3y

11 wd:&ﬁu NI NMOHS ¥3L7I4 3HL

X1 3749vi

964%21L0%C
Y1102L1°0
2eHv6H9 °0
86849211
F64%21L0° Q-
Y1102LT *0-
2euh6%93°0~
0B6BY T 1—

(12Q)WI

9160€60°0~
8160€60°0~
8G6LlyT15E 0=
1.6L69%°1~
160€60°0
8160¢60°C
86L%715¢€°C
1L6L69%°1

(TCYIWI

18896050
OeTLeg1*C~
e0eEqTed 1~
12e991972
L886US* L
0elleB81°0-
£0e91ee 1~
12¢9419°2

(12d) 3y

86190%9°G
F0E04%9*0
€06L.02°1
25e 6011 e~
86190%9°¢0
3G290%9°C
€06ll0e"T
2SE6UTIT "2~

(Tegv)3d

40 SINdIJZI44300

“C
°Q
“0
0
‘0
*0
.y

LY

%

GO OGOC

(TTEIWI

9160¢e6C*C~
8160600~
84l% [GE "D~
TL6L69% 71~
GI6CEHC 0
8I60LH0Y0
8oLy Tac 0
1062694 °1

(LTvIni

ao0000u"1
C0a006Co°L
CCOOCOc 1

1
JGuooon 1
000000¢" 1
(VIVIISTNIVIVEL |

t119) 3y

B6190%9 0
G3Z90%9°0
e0gLineg*l
[0 % T80 B A
BGT19I%9°(
QULIIHI O
(A VR
ZGE60TT* 2~

(TIV)aY



T.10

0°6sve
00°s1¢g
Qu°sye
*¥00°646¢
#(u°62¢e
*Ud 561
Gu®sve
[VIVRS N §2
geeege
*x00°65¢
*00°6¢d¢
*CC*961

vidg

00°gve
cu*sie
vu*s8e
*Cu"6s¢
x00*6e¢e
*00%6a1
VIV = 23
gu*sit
uL s8¢
x00*46¢
*0U*6ed
*00 G661

viig

1%e6£5¢°0
£504%0€l"0
9be6€52°0
BOGIHYe*0
LETO000% 0~
0%01%GQ1°1-
1¥€6£52° 0~
£€5u%0ece 0~
recobesc®0-
BUSI9%e* 0~
LeTALUO O
070 TH01"1

(c24)il

0899¢01°0~
S094%160° 0~
S8I9€01* 0~
22Seev2t 0~
1228062 2~
$Y81L08L°0~
0B99ELT*C
§09%180°0
SB99EUT*0
2eseeheto
12¢80s2°¢
$8TL08L*0

(2¢V)Wi

68%6€69°0~-
11124690~
6Lv6E59°C~
%2196y * G~
Ye10000°1

S9LEQ1Y 1~
68v6ES9 (L~
T1112L69°0~
6L%6€99 0~
#2196¢e9v° 0~
2160001

S9LEUTH 1~

(¢cd) 3d

8U2dGqL9°C
1460009°0
9¢ecsl9°0
YE96L10°1
906L052°¢
GO6eHY0L T~
80226L9°0
166G00Y*0
9¢22sL9°0
¥€96L10°1
906L082°%¢
SQ6EHCL T~

{22v)3u

11020020
%20¢s11°0
€299€£50%Q
16964¢1°0~
oy Tegl e~
21¢2806° 1~
11L200c¢ 0~
H202s11® 0~
£¢99¢50°0~
1696421°0
€oh1eglte
RS RATIIR

(2161

0899¢0T1°0~
s094%180° 0~
$899¢01°0~-
eeseLye o~
12¢80G5¢2* ¢~
Y81L08L° 0~
0899¢0T1°0
S09%1IBUY
S899€01°Q
C2eeENe 0
12¢806¢2° 2
¥81L08L°0

(21viwl

QG ZHHOE D~
896¢151°0
928%059°0
Y6e692S°T
SsQ1egl™y
20e926¢°2~
§GEYHRGE 20~
B96LTIS1°0
928%0G69°0
Y6e6926° 1
GeC1eBT*Y
ele9d6eg-

(219134

80Z2SLI 0
1660009°0
92¢2519°Q
Ye96L10°1
90610822
G06ev0L" 1~
B0&cS5L9°0
1660009 °35
922241.9°0
Ye96L10°1
906L0GC 2
SC6eHv0L 1~

(2iv}ay

X 378vd

1£99€50°0
0e0ZsT110
£dLecoeo
c0210L%"0
09elegi e
SL2TH0Hh 0
1£99¢e50°C-
QECLSTT®C~
£242002°0~
cueioLy *0~
09e1e8I €~
SLETvuy 0~

{129 IWI

G899¢G1°0~-
609%180°0—
5899¢0T1°0~
228eeyl 0~
12280622~
¥81L08L°C~
0899¢01°0C
GO9% 1800
S899€01°%0
2CGeERC U
1228052
Y8T1L08L°0

t12VINnI

99L%089°C
SC6CIsT*0
H0eHvye 0~
0£66996° 0~
2160e81°¢~
L2ceesg 1
9Q9L%0G69°0
G26E£TST 0
YULYYUET O
0€96996°0~
creegiee-
L26¢2288"°1

{Tcg¥3d

8QcLGL9° 0
15630090
92cesLa°0
Ye96L 101
Q06L0G62" ¢
SU6LYNL T~
8027G6L%° 0
1660509°0
FLLLGLIC
YE96L 161
906L04¢°¢
slbEYOL " 1~

(12v)3y

21 3¥N914 NI NMOHS zuﬁJHu dHL 40 SINIIDJ134300

oo OoOCCCDOoQ
@ ° @ o @
COT oGO CCoOODG

]

»

(TT9IWI

0899¢01°0-
GG 1R °D-
$899¢01°0~
ceaeehe -
Teanige® i~
YH1L08L°0~
0g99cGt®0
qG9v18C"0
S899¢0T°0
eeseeEve
tcegosee
YEILOBL®O

(1IVIiwl

0C00coo 1
00000UC° T
20000001
QC¢3005a0° 1
00200061
D030LCe 1

guonoon-®t
2000LoLt

(T18)3Y

8Ude¢sLeC
16400090
FL2eGLT Y
Ze96L010% 1
GBEL0GL" ¢
SObehLitl-
80226.6°0C
15GQLG° ¢
922¢GL9°G
Re96L1G T
9C¢6L3%¢" 2
SOLEYDL T~

{Tiviay



T.11

51°8%¢

9¢°92e
GL°e (e
T AN §:¥4
*5L°86¢
*52°9¢¢
¥GL el
*GC 161
SL 8y
§2°9¢¢
SL%E0¢
G¢*14e
*G61°86¢
*6£°9¢d
*¥9L%cl¢
*6Z°%16l

viig

GlL*8he
62°92¢
LY X1
[Tl §14
%*G9L°849¢
*#562%9¢2
*ql*e1e
*¥6° 161
GL°8%E
GZ2°%°9¢¢
Sl °cde
§2°18¢
%G1*86¢2
*GZ2"9¢C
%Gl °ET12
#6Z2*161

vi3d

el 11.092°C
LGeseEec®0
80escec* 0
8L1L092%0
YERLLZE0
LHl121%°0
CTLG9He* -
0STE1S56°0 -
€11,L092°0~
LueSeed®u-
BOEGEEL® U~
8211L092°0-
Yerll2e® 0~
Lyl121%°0~
QTLGa9%¢c"¢
0sTels6®i

(224}l

L0980T1°0~
0E81¥80°0—
ce814%80°0~
£198011°0~
9694800~
61L69%L*0~
£EIvGeSC Y~
0%6¢€409° 0~
L0980T1°0
0E8I%8BO®0
cegivy8Uy
e198GT1°0
9694802°0
61L69%L°0
£9%5252°%
096€509°0

{(CZVINWL

9%LL0%9 “0-
8999169 °C~
99991690~
LELLOYS "0~
8946964 ° C~
8616520°0

iy 1cey

beleely* I~
9%LL0%9°0~
8999169°C~
9999169 *C~
LellOv9°C~
8926984 ° (~
B8GT6SL0%¢

9Ty 1eey °C

beleely i~

{2cd) 3y

0189L69°¢C
0c18609°0
%218609°C
6¢89L69°0
81529%6°0
e069%L9°1
L%60620°T~
12186€G6* T~
0189L69°C
UZr8eco 0.
#218609°C
6269.69° U
81629%6 %0
c069%19°1
Ly60620° 1~
1,.1858¢8* 1~

(22Zv)ay

QT19%L1¢°0
¢1666€1"0
06€5€60°0
965240 °0
cC8ETE0* 0~
9166028 ° 0~
WHELTLO® L~
L9¢sl81* 1~
019%L12°0~
clotoel 0~
06eseEbl* 0~
9662E%0°0~
208¢e180°Q
91666¢8°0
Yhel110°L
L9¢sLE1® 1

(Z18)IWI

Lu98g11°0~-
Ce81%80°0~
e81%80 %0~
£19601T"°C~
696800~
61L69%L° 0~
£E9%G2G2 v~
696£509° 0~
L098CT1°0
0eg1%8G°0
Ce8IHBLO
£1980TT°C
96945802°0
61L69%L°0
£9Y6cqcy
096E909*0

(ZIVIWT

L6%589€ 0~
28L0%10 0~
LeI%2ce* 0
LO8BLLEL*D
Z¢11269¢e°1
80¢8098°¢
T7e¢eT1L 0~
ey 19d106°¢-
£6%589€°0~
28L0%10°0~
L51%eee* 0
L08L12L°0
ZI1269e* 1
80c8098°¢
I#7¢eT1L°0~
ey 192102~

(2Tleg) 3y

0189.69°0
0218609°0
%218609°0
6E9L69°0
816C9%6°0
<069%1L9°1
L7606¢0° 1~
TL1869e6° T~
0189L69 "0
0218609°0
#21860% 0
6289L69°0
816¢7%6°0
2069%L9 "1
Ly6C6c0° 1~
1L186e5° T~

(21v)3y

IX 379vi

%952e%0°0
S6ESE60°0
91666¢1°0
YE9%L1¢*0
Beld160%°0
G99levet
919162L *%
I11¢9¢ec ¢
%96¢ev G0~
§6669¢60°0~
166610~
729%112°0~
Bell&e0y °0~
5991Z%c* 1~
FT9162L *%~
111920~

(T2d)WI

Lg9gol1 e~
0c81%80° 0~
¢e81%80°0-
€1980T11°0~
9694800~
6T1L69%L *0~
€9%625¢ -~
096£609 "0~
L0980TT*0
0eg1+%80°0
ce81%80*0
€198GT1T1°0
969580£°0
61L69%L°0
£9%62G7 Yy
096509 °0

(TEVIHI

Qyllliel*(
0¢1%¢ce*0
L18CH TG0~
S%6689¢€° 0~
SBEI9GE * 0~
YG06H8L 1~
Gagveh1*e
EOLC66G°T
SHLLielL®C
Qc¢tvécee o
L1gov1G* 0~
S%65689¢° 0~
GBET988° U~
Y6e0e%8L° 1~
QGoHeH1°¢
£6e666°1

EEASER:

0189L69°0
0218609°0
#Z18609°0
6289L69°0
816¢9%6°0
Co69%L9°1
LY60640° T~
12186es° 1~
0189L69°0
0218609°0
#E18609°0
6289L69°0
B1649%6°C
2u69%L3°1
LY60620° 1~
TLIgSEG" T~

(Tcv)ay

€1 J¥NOTd NI NMOHS 934714 3ML 40 SINII2I144309

QO
» °

O CC
.

c:
L]

o
e a s 8 o a 3
SCOODODOOQOCLOOOQ

2 C O OCGC
°

&
®

(118 )W]

LCG98GTIT 0~
DEglyyo 0~
CEBIYBG U~
e19EQ1T "0~
369680¢°C~
GLLE9YL* 0~
EIVG STy~
696€40U9°0~
LCO9BCTT 0
0eglvg0 0
cEBIY80°C
€198ulT°0
9695832°0C
61L69%L°0C
£9%5¢Gqe Y
096£5U9°C

(TTIVINWI

ELVIORD BREor
J000G600°1
00004g00°1
¢ounQaC 1
0000001

0208000°1
PRIV ORVIVAS
VIS TV VIS IOV ¢
ouuacoeet
Q0OUoCo" T

000I00G T
N0ONNCO"T

0189L69°0
UZ186069°0
He18e09°% 0
6¢89L69°0
81529%6°C
2oLy LG™
LY606240° 1~
1L1852G6°1~
UI89L69°0
QZI8609°0
YECTEENGSC
6289L69°C
B1SZ9%6°C
2069%L9°1
Ly600620° 1~
1L186¢e6° 1~

(11v) 3y



T.12

00*1s¢
gdcceg
Q0°*sie
00*Llec
Jo*6le
#GUT192
#C0°%ehe
*0U*6ee
*0G*L0e
x0U°68T
00°16¢

09°€eE

uo®ale
udrlee
00°6Le
*0U*19¢
*00°eve
*00°6¢2¢2
%CY*L0Z
¥00°681

vidg

0G*146¢
vulcee
yu*s1e
G0 l6¢
0u*6le
#*Uu®*192
x00%Eh e
*30°6¢2¢
*x00°L0¢
xUYU 681
Go*19¢
Cl°¢ee
20°G1¢
JUtLbe
00%*6L¢
*#C0*19¢
*#00°che
*30%62¢2
*0U*LO¢
x00%681

vi3d

1862%9¢2°0
82268€2°0
£50v03€2°0
0e2G68eC®0
S86¢692°0
825981¢€°0
€26e1U%°0
LeT10C0U*g~
10122€0°¢~
0£958.8° 0~
1862592°0~
BecsBEL Q-

£50%0€2°G~

0ElSBEL O~
5862592°0~-
826981¢°0~
€610y 0~
Le1OGOO®YU
10T1L¢ce0"2
0e95BL8°0

(CCdINI

€6E6STTI 0~
£0.9880°*0~
S09% 1800~
5019880°0~
66£65TT1°0~
93191610~
SOeT6S%* 0~
1¢¢0se°2~
86G6G962E2~
YGGYBEIS 0~
E6E6STT1°0
€0L9880C
S0GY180°0
G019880°0
66£69T11°0
S0L9161°0
50el6sy*0
12¢80s¢*2
86696¢2¢€°2
#664%825°0

(CCVINWL

01891¢9 “0-
0189289°0~
1112.69°0~
9989289 * @~
20891E9* (O~
QYEUTTIG G-
T6eLQ6T*0~
YETOUUO"T

1€81996 °0~
068680%° 1~
01891€9° ¢~
0LB9269°0~
1112L69° 6~
9989289 *C-
2UB9T1E9° U~
O%€011s°C~
ISsEL06T°0~
YETQOGU 1

1€81996° 0~
068680V * 1~

(2cd)ay

10L0€TL°0
§6EGSS29°U
1650009°C
£9€5629°C
91L0eTL*C
£168606°0
¢GGE2GE T
306L052°%¢
Tavseyv -
19006%%* 1~
10L0eTLQ
6GE6629°C
1560609 C
£9€5629°C
Q1L0€ETL®C
t16688C6°0
A TR NATIRN |
906L062°% ¢
Tevs6v e~
190664%4 * 1~

(c2vidy

8E2062¢°0
»110861%0

92026110

801s080°0
9ELc9eCG0
%896660° 0~
€e8891%*0~
EOHTEGT £
LigehHloy—-
9L68LH0° T~
BEZG622* 0~
%1108¢1°0~
HZUZGTI® 0
801460800~
9eL29E0°0~
¥896650°C
£EBBIIHV*0
e6h eyl e
LLGEY YTy
FLEBEYO T

(218)KWI

€6E6STT 0~
€0L9880° 0~
S09%180*0-
S0L9880°0~
66E£6G6T1°0~
40L9161°0-
SCelosw -
1228062" ¢~
86696¢2¢ *¢~

%46%526 0~

£6L6GTT0
€0L9880°0
S09%180°0
S0L19880°0
66L65T1T°0
SULGT6T0
S0c165%°*0
12280622
865962¢€°2
%6G648¢5"0

(Z1VIW]

8085804 *0—
OTLHTT*0~
BI6LTIGT*0
9Le2uZEY "y
€s069LL°0
999¢4%82° 1
9L669¢€2°2
SGCTEBT %
%DZL800" €~
(23 ATAS Il £
808980%* 0~
YOTLHYT1°0-
B96LIGT®0
9L2C2ev* 0
95069211 °0
99G6evg8e°1
L6692
SSCLEBT Y
7021800% ¢~
EEL€L98° 1~

(219334

T0L0€1L°0
GGESS29°0
15600890
E9€4529°0
9TLCETL®D
€168806°0
29GEC9E"T
90610522
16%56%2% 2~
19GC6eYYy * T-
TO0LUETL*O
GGE6629°0
1650009°0
€9€6629°0
QTILGETL*D
£168806°0
26G6e29¢ °1
906L052°2
T4%¢6H2* 2~
19006441~

(21v)ay

e S

IIX 3uvi

€%129¢€0°0
€115080 0
Cef02sT110
¢2108s1*0
6¥20622°0
Z1298LE0
9621818°"0
09¢1e81*¢
L3%9111°2
YEEEGOT*0
£E%129€0°0~
e1Is080°C-
0EQESTT *0~
<2108s1°0-
6%20622 °0~
21298l 0~
?6L.1818°0~
gociesl*e~
L9%9T1T11° 2~
7eees591°0-

ATAR I

L6E6STT 0~
€GL9880°0~
509%180° 0~
6019880 °C~
66e65T1T°C~
S0L916T°G~
SQ0eT6GH 0~
12¢805¢°* 2~
86459GcE e~
#G64%826°0~
£6e6511°0
€0L98680°%0
s09%180°0
$0L9880°0
66€6STT°0
QULITEL 0
Soelesv 0
12es0se*e
B6G9S52€°%C
#66%82G6°Q

(TZSVIWI

66689L1°0
9ec0leHr G
GC5ETST 0
6elLvTIT* O~
0egs8ay 0~
6G0%66L° 0=
SleLLen 1~
2l6Ceg1 g~
LI9eGeyD" e
eveeah el
6668B9LLC
PAZAFA% L
SELELIST®O
6eTLYIT°0~
068G68UY 0~
600%56L G~
Slelieh i1-
c¢regesr g~
L9esZHi g
KARAR AL A |

(124} 3y

1GLOETL®O
65£5629°0
16500090
£9€5629°0
QTLOETL O
£168806°0
266e29€°1
2061062°2
1545642 2~
19006441~
10LCETL 0
S6E5529°0
15063090
£9€5529"0
TLOETL G
£T168606 "0
zese29e°1
9061052°¢
1645642 *2~
1900644 1-

(12v)3y

%1 3¥N914 NI NMOHS ®w3111d4 3HL 40 SINJ 12144302

a @

. .

a
CO0CTCCDCOCODITOCOO

COCOCOOCOOOC
+ @ @ °

*

3

COCcCOoOCQCC oo
°

.
=

(TIGIWI

Cee6ai1% 0~
€EULP880°0~
G094 180°0~
SCL9680 0~
6oe6s 110~
GOL9T6T°C~
SOET65%°0~
1¢¢8Gse°e~
B6699¢2¢c 2~
KT N2 AR e
ELEGSTT 0
€3L988L°0
S09%1860°0
SGL9880°0
6eERSTTI0
S0L91I61°0
SUETLsy *0
lccyQge e
865962€°¢C
Y66%8LG6 %0

(TIVIKI

QTGOS0 1
uanogoeTt
3000000° 1
VisIvi ] alvivng

(AIVIRINTS VR R |
00C0C0C" 1|
Q0C0o0G°1
Co0CO0e"T

°T
L

: S
030G30G"1
QEGLOA6°T
Q0000G0" 1
200000071
QOOUGCo 1
goococott

{11813y

T8L0ETL®0
GGE8629° 0
(6600090
£9€G9529° Y
91L0c1L
el68806 %0
2aaeeoel
906L462°¢
Ta%s6%2°2~
[9006Hy* 1~
10LOeTL ¢
§6E8G¢9"Q
156¢0009°0
£FEGSLI 0
9TL0e1LD
€e168806°H
256¢€29¢°1
906.L062°2
Ts956v2*2~
9Jd644* 1~

t1Tv)ad



T.13

0g°¢2s¢
0o lee
0g*dle
Ue*lut
(VIR 4 Y4
ag*Lle
FLG 9L
*LUG LY
*0G° el

SR AVES
526l
nstlle
#0488 °C9¢
*06* %2
%*UG* el
*GG*LTE
*UG"2ud
*0G°L81

vidd

8689611°0~
9160¢60° 0~
€£969¢280°0~
€969¢80" 0~
8160c60%0~
9069611°0-
Leel181%u-
869L%16€°0~
9e8iyed® 1~
eBES9LE Y~
1L5L69% 1~
£¥8948%°0-
86896110
9160€60G°0
€969<80°C
£969¢60° 0
g160e60%0
9069611°0
L2el181°0
8GLH16¢€°0
9e8EHLO°T
€BeGolL Y
116516941
€ 8958%°0

(FXARI)!

L10e%eLC
86190%9°0
T19e%G9"0Q
%19e%C9*C
90290%9°0
e¥02%2L°0
%65€0988°C
£0G6LLGe*T
L8T2€68°1
Telleel*0
(332100 B A
#18696¢€° 1~
LiGevyelL e
86190%9°0
119e4%09°C
Y19¢%09°0
90969 %0
ey02yel*0
YGEO9BH U
€0GalLbe"!
L8TLle68°1
Telleel*0
CGE6UTT e~
Y18696° 1~

{ccv) 3y

B689611°0~
9160€60° 0~
£969¢8C°0-
£9592680°0~
8160c60°0~
9069611°0~
L2el181°0-
galy1G6e*C~
eBEVEL T~
€B8ESILL Y~
126L69%°1~
£E%¥8968% 0~
8689611°0
9166600
£969¢280°0
£9698280" 0
8160e60°0
9069611°C
LEel181*0
£6Ll%16¢°0
9egevelL® 1
eBES9LE *Y
T1L5L69%°1
E¥89G68% "0

(2TvIni

L10cY2eL*0
86190%9°0
119e%09°0
Y19e%09 *0
30¢9C%9°0
£v02%eL®0
#6e0988°0
€06LLGC"T
18T1/¢68*°1
Telloel *0
28e601IT 2~
Y18696¢€ ° 1~
L10eveLe0
86190%9°0
119e%3G69°0
Y1Ge%09°¢
90¢90%9°0
£0cvclL "0
Y6 EU968°0
€06LL02°1
l8T1le68°1
Telloel*d
CSEEBQIT "¢~
YL8696¢ 1~

(Z21V)id

111X 374Vl

86896T1°0~
9160€60°0~
£9599280°0~
£969¢80°0~
8160¢6GC—
9069611°0~

Lcel181°0~

BGLHYTGE "U~
9e8eHEO 1~
EBEGILE "~
116L69%° 1~
EYE998Y 0~
86896110
91606¢60°0
£969280°C
£969280°0C
g16Ce60"0
9069611°C
LZELTBT®D
galklse 0
oe8evei*l
£8EGILE"Y
TLG6L69%°1
£¥8968% 0

(TEVIWI

L10¢v2L® G
86190%9°C
119¢e%09°0
19evUG G
9029049 *0
ey0ehel o
Y6e0988°0
€045LL02°1
LETLEOB®T
Tellbel O
Eee6HTT* 2~
185961~
L10Z%2L ¢
B6T9DH9*0
119e%89 ¢
19ev09°0
90290%9°0
evQeHL O
HGe0988°0
eCsLLGe°1
L8TLle68°1
Tell6el®*D
2Ge60I1 ¢~
¥luG96e 1~

(Teviad

ST 3F¥NOI4 NI NMOHS ¥3L7134 3HL 40 SINIIJId44302

86896110~
2T60LE60°0~-
£94926C°0~
£969¢80" 0~
8160c60°0~
QUE96TT 0~
LZel18T1°0~
8Sl%T49¢°0~
9LBEHEC T~
LBEGTLE * Y~
1L6169%° 1~
EHhBE968Y U~
8689611 °C
916G eat 0
£969¢80°0
959280 G
gloueel®o
06961170
LZel1B81*0
86LY%1GE*0
Gegcyeotl
£8LGILE Y
1L6L69%°1
E7BAGEH 0

(T1v Il

LTIQZ%2L "0
861%0459°0
[i9evca*n
719eh09°C
90290%¢"
ehiZyveL
79L00868°
vQ6LLOC"
LE8TLEGE
telloel®
CSEHLOTT®
LB8S76E"
L10e¢Hel "
g6190+%9"
Iloey00"
19ev09°
FBIGUYI "
eyoiydiL”
¥5e0986*
EUGLLOC®
IR WAN Yt

Telleel°C

28e60T1° 2~
vi84a96c” 1~

O

o O O e

L

<

o
foy

LR A o)

(Tiv:iay



T.14

0g*¢se
Us®Llek
0g*cée
06°L0¢
us*ced
Js*lle
*05*29¢
%06 L%e
®CH*2ee
*JG°L 12
#0G°20¢
*04°LE1
g 2ae
J6°LEE
[VI*Rrrad
Vs °L0¢E
CG*2ee
uG*LLe
%0692
*0G* L%
#U5%ced
*Us*L 12
*08°20¢
UG LB 1

viiy

¥116892°0
€092E%2°0
€£1811£2°0
€1811€2%0
S092€42°0
2815892°0
SET621e0
LEEY0BE0
CLERTBE®D
E1LLG19° 1~
6868064 T~
21L29¢8° 0~
%116892°0-
E092EvT G-
€28B11E2" 0
€2601¢E°G
S092eHe 0~
2BLSBYZ G-
SET6Z1E° 0~
T€E%08E* 0~
GLEBTIHE O~
€E121519°1
G8GHU6G"T
21L29€8°0

(Zcu)nWl

£690629°0-
9020%L9*C~
B99LY69°C-
999L %69~
€02GyL9° G-
61L905¢9*0-
YH096¢6 (-
I%64L0e°0-
6LL80UQED

911eL2*1

£L98%8Z 1~
AR 200 Bl B
€690629°C~
9020%L9°0-
899L%69° (0~
Q99.i%69° U~
€020%L9°C—
6L90629°C~
909626 °0-
1%62LGE 0~
611800€°C

191l1eLe 1

€L96%g2° 1~
ClOLYCH T~

(229} 3y

#1eele2*0
LOT102L1%C
0I611e1*0
98e9201°0
Tey21LG*O
0a%21e0*0
kEAA VR IR
6800692°C~
66926621~
T16cy4%6°9~
€86L61L°2~
28688960
Hleeled® 0~
L0TCCLT®0O~
OTlsTleT*0~
96eQQCT "0~
T6%21L0°0Q~
GGHe1eC Q-
A A TR IR
E8BU069E 0
669926621
116¢996*9
EBGLGTL 2
28GUEYL" 0

XA DI

60109¢H *0~
¢60LeBT G~
Q65014500
16L1%9¢2°C
BZ696UG* D
88Y6018°0
chieTec 1
GGLEHZH"T
L0S950¢E ¢
LEOBELT®Z
€1¢G6Cu6* 2~
S6L269L %1~
60109¢y 0~
260LE€8T°0~
064014%3°D
16L1%920
8269605°0
88%6018 °0
¢hieled 1
G8levee°l
L0G950¢e°E
£e08eLT12

e1isaa6 e~

G6LC6IL T~

tclyliy

ITIX 3148ve

09%21€0°0
96%21L0"C
29€9001°0
QISTIET 0
HLI0ELT 0
LEEELEC®0
LG59¢09E 0
22lhh5%9°0
LeGTTIH91
68148¢¢e *°G
a868%21°1
698L92T°0G
Q9% 0°0-
96%ZT1L0°0~
Z9L900T 0~
91GTTIeT "0~
1102110~
ferelel 0~
La5ed9¢e°C—
2Zhyeng 0~
LEOTTH9 "1~
681582€°45~
0868YeT*1-
69819210~

(T2d)IW]

81%#6018°0Q
L8BI60S"C
IHLIYI2*0
8%G0TH0* U
0elLegT1®0-
%5109e4* 0~
983699, °C~
eGeole 1~
TellyGao® e~
SETE660°0
1e9419"¢
e9LGvue"1
81%60T18°0
LBEIH06°0
YL1#92°C
8%G60T%3°0
OelLe8T*C~
#9109ew 0~
4B0696L*C~
£Qe9Ted I~
TeLiyoute-
G2Te660°0
1ce9s19°2
€9L9%9¢° 1

(T2e)3ay

ST 38N914 NI NMOHS ¥3L1704 3HL 40 SINIIDI44300

LK)
Sl w o)

)
[ R Wl «

» L] £ @ L] @ 2
DoOoODCODOC OO0

5 e ® o @

CCQCUCDOCOCDCCOOCEOODODOOO

2

ETTH)WI

20300001
Quteceet1
0Co00T0°1
JO00C00° 1
goRReuee1
(BRI ITR IS IVIVAS |
Q0000061
(S92 24151010 RN
GURLOUo T
BIVIsIshIVIY
3020000°
COUOLLY

CO0Ge00

2 o

L4
{ i o = v e

1

RISI IV INTSIN
JADBTCER
OUSOLCU
Qoecono:
COCOuLs
Qo oCaCo

[ OV RVIVIPTER NS
VIS TSN TaRan |

(TTg1sy



TABLE XIV

CPU TIME IN SECONDS EMPLOYED IN OBTAINING
THE DATA FOR FIGS. 23 THROUGH 29

Solution of the

Normalization to a

Determination of the

Figure | recursive equations | peak value of 1.0 |location of the
and print output contour levels
23 0.99 0.82 2.74
24 2.84 0.82 2.37
25 2.48 0.82 2.00
26 1.98 1.63 3.85
27 5.00 1.62 2.11
28 3.85 1.80 6.52
29 9.87 1.82 2.68

.15




TABLE XV

SHAPE FACTOR NUMBER 1 (in dB)

gz$:2rwor:§ Number of rotated filters being cascaded
filter 2 4 6 8 10 12
d=0.05  8=0°
1 2.80 3.05 3.28 3.41 3.50 3.56
2 7.06 7.34 8.56 9.26 9.77 10.15
3 12.59 12.75 15.56 17.54 19.10 20.36
4 18.96 19.04 23.48 27.53 30.80 33.63
5 25.78 25.82 31.75 38.51 43.92 48.86
6 32.83 32.84 40.15 45,98 57.72 65.15
7 39,98 39.98 48.60 61.67 71.82 81.99
8 47.17 47.17 57.16 73.43 86.05 99.07
9 54,38 54,38 65.65 85.20 100.30 116.27
10 61.59 61.60 74.26 96.94 114.53 133.49
d=0.05 B=45
1 1.95 2.99 3.21 3.34 3.32 3.48
2 5.50 7.17 8.34 9.02 9.51 9.87
3 9.71 12.46 15.12 17.05 18.54 18.74
4 14,19 18.61 23.05 26.76 29.91 32.60
5 18.79 25.26 31.62 37.46 42.70 47.41
6 23.42 32.16 40.48 48.66 56.26 63.27
7 28.06 39.18 49.46 60.09 70.20 79.70
8 32.72 46.25 58.44 71.60 84,32 96.39
9 37.37 53.34 67.37 83.13 98.50 113.20
10 42.02 60.44 76.25 94.64 112.70 130.04

T.16




TABLE XV

SHAPE FACTOR NUMBER 1 (in dB)

T.17

Order of Number of rotated filters being cascaded
Butterworth
filter 4 6 8 10 12
d=0.1 6=0
1 5.75 6.55 7.26 7.70 8.01 8.24
2 15.41 16.74. 21.28 24.21 26.53 28.44
3 27.06 28.25 39.43 46,68 53.35 59.28
4 39,33 40.25 58.96 71.18 83.51 94,85
5 51.76 52.44 78.78 96.15 114.61 131.97
6 64.23 64,73 98.56 121.18 145.83 165.56
7 76.71 77.07 118.27 146.16 176.94 207.29
8 89.20 89.46 137.92 171.09 207.88 245.00
9 101.68 101.87 157.52 195.97 238.65 282,65
10 114.16 114.30 177.10 220.80 269,27 320.20
d=0.1 9=45°
1 3.74 6.35 7.02 7.45 7.74 7.95
2 10.51 16.20 20.49 23.29 25.48 27.27
3 18.03 27.40 37.33 44,95 51.30 56.90
4 25.69 39.12 55.08 68.66 80.50 91.26
5 33.39 51.06 72.74 52.83 110.13 127.22
6 41.09 63.10 90.28 117.05 141.25 163.68
7 48.80 75.19 107.65 141.22 171.84 200.28
3 56.50 87.33 124.87 165.32 202.41 236.85
9 64.21 99.49 141.97 189.37 232,95 273,45
10 71.92 111.67 158.97 213.37 263.44 309,93




TABLE XVI

SHAPE FACTOR NUMBER 2

Order of Number of rotated filters being cascaded
Butterworth
filter 2 4 6 8 10 12
A=10 6=0°
1 0.1210 0.1060 0.0968 0.0922 0.0895 0.0877
2 0.0496 0.0480 0.0428 0.0406 0.0393 0.0384
3 0.0309 0.0307 0.0279 0.0263 0.0254 0.0247
4 0.0224 0.0224 0.0210 0.0196 0.0189 0.0184
5 0.0176 0.0176 0.0169 0.0157 0.0151 0.0147
6 0.0145 0.0145 0.0141 0.0132 0.0126 0.0122
7 0.0123 0.0123 0.0121 0.0114 0.0109 0.0105
8 0.0107 0.0107 0.0106 0.0101 0.0096 0.0092
9 0.0094 0.0094 0.0094 0.0090 0.0086 0.0083
10 0.0085 0.0085 0.0084 0.0082 0.0078 0.0075
A=10 9=45°
1 0.2081 0.1093 0.0996 0.0947 0.09019 0.0900
2 0.0639 0.0489 0.0436 0.0413 0.0400 0.0391
3 0.0361 0.0313 0.0283 0.0267 0.0258 0,0251
4 0.0249 0.0228 0.0211 0.0199 0.0191 0.0186
5 0.0190 0.0178 0.0170 0.0160 0.0153 0.0149
6 0.0153 0.0147 0.0143 0.0134 '0.0128 0.0124
7 0.0128 0.0125 0.0125 0.0116 0.0110 0.0107
8 0.0110 0.0108 0.0112 0.0102 0.0097 0.0094
9 0.0096 0.0096 0.0102 0.0091 0.0087 0.0084
10 0.0086 0.0086 0.0094 0.0083 0.0078 0.0076
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SHAPE FACTOR NUMBER 2

TABLE XVI

Order of Number of rotated filters being cascaded
Butterworth
filter 2 4 6 8 10 12
A=20 8=0
1 0.3049 0.2369 0.2066 0.1907 0.1814 .1753
2 0.1098 0.1013 0.0841 0.0775 0.0735 .0709
3 0.0647 0.0636 0.0533 0.0489 0.0463 .0446
4 0.0456 0.0454 0.0398 0.0360 0.0341 .0327
5 0.0351 0.0351 0.0321 0.0289 0.9271 .0260
6 0.0285 0.0285 0.0270 0.0241 0.0226 .0217
7 0.0240 0.0240 0.0232 0.0209 0.0195 .0186
8 0.0208 0.0208 0.0204 0.0185 0.0171 L0164
9 0.0183 0.0183 0.0181 0.0166 0.0154 .0146
10 0.0163 0.0163 0.0162 0.0151 0.0139 .0132
A=20 8=45°
1 0.6874 0.2526 0.2185 0.2006 0.1503 .1837
2 0.1832 0.1043 0.0864 0.0794 0.0753 .0726
3 0.0930 0.0650 0.0545 0.0499 0.0472 .0454
4 0.0608 0.0463 0.0400 0.0367 0.0347 .0333
5 0.0448 0.0357 0.0318 0.0293 0.0276 .0264
6 0.0354 0.0290 0.0266 0.0245 0.0230 .0220
7 0.0292 0.0244 0.0231 0.0212 0.0198 .0189
8 0.0248 0.0211 0.0206 0.0188 0.0174 .0166
9 0.0216 0.0185 0.0188 0.0169 0.0156 .0148
10 0.0191 0.0165 0.0173 0.0153 0.0141 .0134
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SHAPE FACTOR NUMBER 2

TABLE XVI

Order of Number of rotated filters being cascaded
Butterworth
filter 2 4 6 8 10 12
A=40 5=0°
1 0.6532 0.4694 0.3967 0.3545 0.3288 .3120
2 0.2546 0.2007 0.1565 0.1371 0.1264 1.1194
3 0.1392 0.1283 0.0951 0.0843 0.0775 .0731
4 0.0937 0.0920 0,0694 0.0614 0.0564 .0531
5 0.0702 0.0699 0.0558 0.0486 0.0447 .0420
6 0.0559 0.0559 0.0471 0.0405 0.0372 .0349
7 0.0465 0.0465 0.0412 0.0349 0.0320 .0300
8 0.0397 0.0397 0.0366 0.0308 0.0281 .0263
9 0.0346 0.0346 0.0329 0.0277 0.0252 .0236
10 0.0307 0.0307 0.0298 0.0253 0.0228 .0214
A=40 6=45°
1 0.8898 0.5498 0.4541 0.3944 0.3622 .3414
2 0.6127 0.2117 0.1619 0.1422 0.1308 .1234
3 0.2800 0.1329 0.0992 0.0865 0.0794 .0748
4 0.1661 0.0945 0.07290 0.0628 0.0575 .0542
5 0.1149 0.0716 0.0565 0.0496 0.0455 .0427
6 0.0869 0.0571 0.0466 0.0412 0.0378 .0355
7 0.0696 0.0473 0.0399 0.0355 0.0325 .0305
8 0.0578 0.0404  0.0351 0.0313 0.0286 .0268
9 0.0494 N.0352 0.0315 0.0282 0.0257 .0239
10 0.0431 0.0312 0.0288 0.0257 0.0233 .0217
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TABLE XVIT

SHAPE FACTOR NUMBER 3 (x10“6)

Order of Number of rotated filters being cascaded
Butterworth -
filter 2 4 6 8 10 12

1 4.38 0.19 0.14 0.23 0.21 .20
2 6.02 0.32 0.14 0.14 0.16 .16
3 16.14 1.94 0.34 0.16 0.21 .16
4 27.15 1.09. 0.40 0.12 0,32 .97
5 38,08 0.19 0.67 0.13 0.16 .21
6 48.90 1.73 1.05 0.40 0.22 .37
7 59.69 3.72 1.24 0.44 .16 .19
8 70.15 5.47 1.02 0.56 0.37 .84
9 81.00 7.24 1.03 0.95 0.83 .37
10 90.93 9.25 0.20 1.02 0.78 .85
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TABLE XVIITI

SHAPE FACTOR NUMBER 4 (xm'z)

Order of Number of rotated filters being cascaded
Butterworth
filter 2 4 6 8 10 12

1 17.65 12.09 9.98 8.92 8.31 7.93
2 4,53 3.90 3.16 2.88 2.72 2.62
3 2.34 2.24 1.86 1.71 1.62 1.56
4 1.55 1.53 1.33 1.21 1.15 1.11
5 1.15 1.14 1.03 0.94 0.89 0.86
6 0.90 0.90 0.84 0.76 0.72 0.69
7 0.73 0.73 0.70 0.64 0.60 0.57
8 0.61 N.61 0.59 0.54 0.50 0.48
9 0.51 0.51 0.50 0.46 0.42 G.40
10 0.43 0.43 0.42 0.39 0.36 0.33
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11.

FIGURE CAPTIONS

Contour plot of the two-dimensional magnitude response of
a second-order Butterworth filter rotated 0°.

Contour plot of the two-dimensional magnitude response of
a second-order Butterworth filter rotated 285°.

Contour plot of the two-dimensional magnitude response of
a second-order Butterworth filter rotated 315°.

Contour plot of the two-dimensional magnitude response of
a second-order Butterworth filter rotated 345°,

Fine detail of the contour plot in Fig. 3 at high frequencies.
Stabilization of marginally-unstable rotated filters.

Regions of stability for rotated filters with transfer
function H(zl,zz).

Contour plot of the two-dimensional magnitude response of
a cascade of three second-order Butterworth filters rotated

© 315°, and 345°.

285
Contour plot of the two-dimensional magnitude response of

a cascade of three second-order Butterworth filters rotated
195°, 225°, and 255°.

Contour plot of the two-dimensional magnitude response of

a cascade of two second-order Butterworth filters rotated
225° and 315°.

Contour plot of the two-dimensional magnitude response of

a cascade of four second-order Butterworth Filters rotated

by multiples of 45°,
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22.

23,

24,

25.

Contour plot
a cascade of
by multiples
Contour plot
a cascade of
by multiples
Contour plot
a cascade of
by multiples
Contour plot

a cascade of

of the two-dimensional magnitude response of

six second-order Butterworth filters rotated

of 30°

of the two-dimensional magnitude response of

eight second-order Butterworth filters rotated

of 22.

5°,

of the two-dimensional magnitude response of

ten second-order Butterworth filters rotated

of 18°

of the two-dimensional magnitude response

twelve second-order Butterworth filters

rotated by multiples of 15°,

Fine detail of one

Fine detail of one

Fine detail

of one

Fine detail of one

Fine detail

Fine detail

of one

of one

quadrant of the contour plot in Fig.
quadrant of the contour plot in Fig.
quadrant of the contour plot in Fig.
quadrant of the contour plot in Fig.
quadrant of the contour plot in Fig.
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10.

11.
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14.

15.
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Block diagram for two-dimensional complex cascade programming.

Contour map
Butterworth
Contour map
Butterworth
Contour map

in Fig. 8.

of the

filter

of the

filter

of the

impulse response of a second-order
0

rotated 315°.

impulse response of a second-order

rotated 225°.

impulse response of the filter shown
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Fig.

Fig.,

Fig.

Fig.
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26.

27.

28,

29,

30.

. 31.

32.

Contour map of the impulse response of the filter shown in
Fig. 10.

Contour map of the impulse response of the filter shown in
Fig. 12,

Contour map of the impulse response of a filter with zero-
phase response and magnitude response the square of the
magnitude response shown in Fig. 10.

Contour map of the impulse response of a filter with zero-
phase response and magnitude response the square of the
magnitude response shown in Fig. 12.

Block diagrams for the elements in Fig. 22 including the
computational errors.

Noise model for two-dimensional complex cascade programming.
Magnitude responses, in the direction 00, of 18 two-
dimensional recursive filters with cutoff frequencies from
0.05 to 0.9 at intervals of 0.05. Each filter consists of
a cascade of four second-order Butterworth filters rotated
by 202.5°, 247.5%, 292.5°, and 337.5°,

Mapping 22=f(21).

Mapping the unit circle by the transformation

u=>5 + b z

12 22 71
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Fig. 1. Contour plot of the two-dimensional magnitude response

of a second-order Butterworth filter rotated GOG
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Fig. 2. Contour plot of the two-dimensional magnitude response

of a second-order Butterworth filter rotated 2850.
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Fig. 3.

Contour plot of the two-dimensional magnitude response

of a second-order Butterworth filter rotated 3159,
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Fig, 4. Contour plot of the two-dimensional magnitude response

of a second-order Butterworth filter rotated 3450.
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Fig. 5.

(a)

Fine detail of the contour plot in Fig. 3 at high frequencies.

F.8



F.9

-0.95-
fry

(b)

Fig,



0975 1
7

(c)

Fig. 5

F.10



F.11

"SIOITTF Pe3ElOL olqeisun-ATeUTSIRN JO UOTIBZTIIqRIS

NNQ '3 +~NQ HNWQ
NNQ.W + =Q = QQ

‘9 314

Xp.3 +'% =%

g .3 +'e= e

1 aJaYM

)

Sz 12 %p 4 CzCp izl 4 lp

Iz NNQ +2Q Iz NNQ + NNQ

~= 3~
I5 I, 1"
z éq+'lq

Iy NNQ + :Q

Iz 28q 4 &g

\\\\ 7 ‘z ¥q+.''q
<
‘g \ g

- = %2 uoyewdojsuely ayy Ag ysip jun ay) jo deus : ig
suejd %z ayy i ysip Juun g

- =%z uvoyewdtoysuel] ay; Aq ysip pun 9y) jo dew : Ig

N

/
//M\\\\\\\\\
2z 1222q 437 8q + 1z Kg 4 U
\\\\ z 12%8q +2z%q + l218q+ Vg (2

T 178 4 l2 g, Iz g 4 lp




F.12

SIS
SRR

| | |

180° 270° 360°

N
:\\N Region of stability for the first condition.
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//// Region of slability for the second condition.
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% Regions in which a rotated filter is stable.

Fig. 7. Regions of stability for rotated filters with

transfer function H(zl,zz).
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Fig. 8. Contour plot of the two-dimensional magnitude response

of a cascade of three second-order Butterworth filters

O

rotated 285°, 315°, and 345°.
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Fig. 9. Contour plot of the two-dimensional magnitude response

of a cascade of three second-order Butterworth filters

rotated 195°, 225°%, and 255°.
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Fig. 10. Contour plot of the two-dimensional magnitude response

rotated 2250 and 3150‘

of a cascade of two second-order Butterworth filters
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Fig. 11. Contour plot of the two-dimensional magnitude response
of a cascade of four second-order Butterworth filters

rotated by multiples of 45°,
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Fig. 12, Contour plot of the two-dimensional magnitude response
of a cascade of six second-order Butterworth filters

rotated by multiples of 30°.
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Fig. 13. Contour plot of the two-dimensional magnitude response

of a cascade of eight second-order Butterworth filters

rotated by multiples of 22.5°.
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Fig. 14, Contour plot of the two-dimensional magnitude response
of a cascade of ten second-order Butterworth filters

rotated by multiples of 18°.
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Fig. 15. Contour plot of the two-dimensional magnitude response

of a cascade of twelve s

rotated by multiples of

econd-order Butterworth filters

15°.
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Fig. 16, Fine detail of one quadrant of the contour plot in Fig. 10.
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Fig. 17. Fine detail of one quadrant of the contour plot in Fig. 11.

F.22



02-

a1

2

0

Fig. 18.

01 02 0.3

Fine detail of one quadrant of the contour plot in Fig. 12,
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Fine detail of one quadrant of the contour plot in Fig. 13.
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Fine detail of one quadrant of the contour plet in Fig. 14.
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Fine detail of one quadrant of the contour plot in Fig. 15.
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Fig, 23, Contour map of the impulse response of a

second-order Butterworth filter rotated 3150,
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24,

Contour map of the impulse response of a

second-~order Butterworth filter rotated 2250,
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Fig. 25. Contour map of the impulse response of the

filter shown in Fig. 8.
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Fig. 26. Contour map of the impulse response of the

filter shown in Fig. 10.



F.32

A B Do A,

D

AA

A

The unlabelled contours are at level 00

Fig. 27. Contour map of the impulse response of the

filter shown in Fig. 12.
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Fig. 28, Contour map of the impulse response of a filter with zero-
phase response and magnitude response the square of the

magnitude response shown in Fig. 10,
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The unlabelled contours are at level 00

Contour map of the impulse response of a filter with zero-
phase response and magnitude response the square of the

magnitude response shown in Fig. 12.
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